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Abstract
This thesis addresses the analysis of the attitude dynamics of pieces of space
debris that could result from the fragmentation of a spent upper stage in low
Earth orbit (LEO).
Up to now only whole objects of axisymmetric shape have been studied with
the purpose of estimating their tumbling rates in LEO. Three shapes have
been considered to be representative for the purpose of the study: a thin
plate, a monocoque shell, an half conical shell and a spherical shell, and it
has been assumed that they are fabricated from aluminum alloy. The motion
of conducting body in a magnetic field generates eddy currents which create
a torque in the opposite direction of the change in the magnetic flux and
thus reduce the rotational rate of the body. The eddy currents that generate
torques are described by Maxwell’s equations. and the generalized Ohm’s
law is set up a Poisson problem with Neumann boundary conditions. The
electrical potential, solution of Poisson problem and calculated by a finite
element solver, defines the density current in the body and thus determines
the torque applied on the debris.
The results presented here can be used for the analysis of the initial propa-
gation of a cloud of orbital debris resulting from the explosion of an upper
stage or a satellite as well as for orbital debris remediation. Analysis of the
attitude dynamics of space debris shows that, for a reasonable initial angular
rate, the object is partially stabilized in less than 70 days for the thin plate
and totally stabilized in less than 60 days for the monocoque shell, 12 days
for the half conical shell, 30 days for an one fourth spherical shell and 90
days an one eighth spherical shell .
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Introduction
Space debris like spent upper stages, defunct satellites or residual pieces re-
sulting from fragmentation, erosion and collisions have been increasing in
density since the first artificial earth satellite, Sputnik I, was sent to space
in 1957. Nowadays, about 24,000 [6] tracked pieces of space debris in Low
Earth Orbit (LEO) with a radar cross section greater than 10 cm2 and more
than 500,000 untracked debris in the centimeter range are reported orbiting
around earth. The rising density of orbital debris speeding up to 17,500 mph
increases drastically the potential danger of collision. On average, Liou [4]
predicts about 24 catastrophic collisions in the next 200 years. This impor-
tant result makes space debris a major topic in the space industry.
Space debris cloud
Before analyzing any space debris removal solutions, it is important to start
studying debris itself: location, motion and stability in LEO. This study fo-
cuses on debris with a radar cross section between 0.5 m2 and 1 m2 and an
orbit between 500 km and 1000 km altitude.
It’s interesting to commence the study with the analysis of the density dis-
1
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tribution of space debris relating altitude and debris size. Using the US Air
Force data base space-track [6] tracking all artificial earth’s satellites and
space debris, it is possible to obtain debris’ information such as the object
ID, the object name, the radar cross section, the perigee, the apogee, the
inclination, the period, the site of the launch, the launch date, the country
of the former satellite and the satellite name. In the case of a study of debris
having a radar cross section between 0.5 m2 and 1 m2 and an orbit between
500 km and 1000 km of altitude, Figure 1 gives the distribution of debris cross
section. Except for a couple of outlying cross section, Figure 1 underlines
that the number of debris per cross section is quite homogeneous.
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Radar Cross−Section Distribution of small debris in Orbit
Figure 1: Radar cross-section distribution of small debris in orbit
Another important characteristic of space debris is the inclination of orbit.
This parameter determines which type of object is more likely to be hit by a
debris. In the same case of study, Figure 2 shows the inclination distribution
of space debris. It is clear that the densest orbit is the orbit having an
inclination of 98◦. This specific inclination corresponds to sun synchronous
orbits which are mainly used for satellites needing consistent lighting for
imaging the Earth’s surface.
2
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Figure 2: Inclination distribution of small debris in orbit
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Figure 3: Altitude relative to inclination of small debris in space
Figure 3 gives details about space debris density distribution. However, Fig-
ure 3 gives another detail: the altitude relative to the inclination. In the
same way that Figure 2, Figure 3 underlines that most of the debris of inter-
est here have an inclination of around 98◦. It can be noticed that Figure 2
confirms the first specification of the study: debris considered orbiting in
orbits between 500 km and 1000 km.
Debris Propagation After Fragmentation
A concentration of debris or particles moving together in space can be de-
fined as a debris cloud. The debris clouds are created by an explosion or
3
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a collision and take the form of an expanding three-dimensional ellipsoid.
Many phenomena involving orbital motion initiated with an explosion or a
collision make debris cloud non-homogeneous.
The debris cloud resulting from a Chinese anti-satellite test in January 2007
is presented to explain the behavior of debris after a collision. The test was
performed on an old Chinese meteorological spacecraft, Fengyun-1C (Inter-
national Designator 1999-025A, U.S. Satellite Number 25730 [8]), orbiting
at 845 km by 865 km with an inclination of 98.6◦ [8].This specific inclination
recalls the conclusion made by Figure 2 and 3: orbits having an orbital in-
clination of about 98◦ are the densest. The defunct spacecraft was hit by a
ballistic interceptor and the collision has created more than 1200 debris in
space. Figure 4 shows the behavior of debris after this collision.
Figure 4 underlines the fact that soon after the collision debris modify their
speed and altitude. One part of debris have increased their period, thus
have reduced their speed, whereas the other part has decreased their period
and thus has increased their speed. Concerning the altitude, it is complex
to determine a general behavior. Figure 4 shows two different trends for
the apogee and the perigee. It means that the collision has modified the
orbit of most of the debris. Indeed, the initial satellite had an orbit close
to circular (845 km by 865 km) and it can be observed that the altitude of
the apogee and the perigee of debris have been modified substantially. The
most dramatic change is in the eccentricity. From this result, it is concluded
that it’s not possible to define a typical latitude λ and longitude ψ for space
debris. In other words, it is assumed in this thesis that both angles λ and ψ
4
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Figure 4: Cloud propagation after the Chinese Anti-Satellite collision [8]
are unknown. However, the only assumption made on the latitude and the
longitude is that their values are constant during the time of the study.
As the risk of collision with debris becomes more and more likely some so-
lution have already been planned. Any space debris removal, contactless or
capture by robotic devices of uncontrolled debris, has to deal with the at-
titude dynamics of the target. A high rotation speed reduces the efficiency
of space debris removal solutions and could render any solution impractical.
Air drag in LEO, friction of remaining fuel in the tank and eddy current
torque are examples of torques that force the attitude motion of an object
5
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in space. This study focuses on eddy current phenomenon which creates a
torque in the opposite direction of the change in the magnetic flux and thus
reduces the rotational rate of the object. The goal of this study is to analyze
the time of stabilization in order to allow the study of the debris cloud after
fragmentation and aid in the analysis of removal missions.
In the first part of the thesis, the electromagnetic field equations and the
theory used to analyze the consequence of eddy currents is presented. The
analysis provides a method to describe the evolution of the rotational rate of
the debris considered. In the second part, the method is applied on typical
shapes in order to analyze the evolution of their angular rate in space and
compare their behavior.
6
Chapter 1
Attitude Dynamics Driven by
Torques Due to Eddy Currents
On this section, theory on magnetic induction phenomenon is detailed. The
theory defines equations which describe mathematically the induction phe-
nomenon.
1.1 Equations Describing the Magnetic In-
duction Phenomenon
In order to translate the physical phenomenon to a mathematical problem,
fundamental equations must be listed. Maxwell’s equations describe induc-
tion relating the magnetic and electrical fields with the Lorentz force and
Ohm’s law.
With the purpose of obtaining a solvable problem, it is assumed that the
magnetic field provided by the induced eddy currents is small compared to
7
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the primary field, the Earth’s magnetic field. Thus, in the electrical field
equations, an unperturbed magnetic field can be used[3]. Consequently, as-
suming that the magnetic field is quasi-stationary, Maxwell’s equations at
any point M in the volume of the conducting material can be written as
following.
• Gauss’s law for the electric field:
~∇ · ~E(M, t) = ρ(M, t)
ε0
(1.1)
• Gauss’s law for the magnetic field:
~∇ · ~B(M, t) = 0 (1.2)
• Ampere’s law:
~∇× ~B(M, t) = µ0~j(M, t) (1.3)
• Faraday’s law of induction:
~∇× ~E(M, t) = −∂
~B(M, t)
∂t
(1.4)
Furthermore, as it is assumed that there is no charge created in the material,
the charge conservation equation ∂p
∂t
+ ~∇.~j(M, t) = 0 becomes
~∇.~j(M, t) = 0. (1.5)
The electrodynamics generalization introduces both electrical and magnetic
8
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field in terms of the electrical and magnetic potential satisfying Gauss’s law
for magnetism (1.2) and Faraday’s law for induction (1.4).
~E(M, t) = −~∇V (M, t)− ∂
~A
∂t
(1.6)
~B(M, t) = −~∇× ~A(M, t) (1.7)
The Lorentz force or the force applied on the body due to electric and mag-
netic field can be described by
~F = q( ~E(M, t)) + ~v(M, t)× ~B(M, t). (1.8)
As the body is surrounded by a magnetic field ~B(M, t) and is moving at the
velocity ~v(M, t) eddy currents are created. The generalized Ohm’s law
~j =
1
κ
~E(M, t) + ~v(M, t)× ~B(M, t) (1.9)
describes how the eddy currents are generated.
By combining Eqn. (1.6) into Eqn. (1.9) a general expression for the eddy
currents is obtained,
κ~j = −~∇V (M, t)− ∂
~A
∂t
+ ~v(M, t)× ~B(M, t) (1.10)
Assuming that the self-induction phenomenon is negligible and that the ex-
ternal magnetic field ~B(M, t) from the Earth is quasi stationary and spatially
9
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homogeneous Eqn. (1.10) becomes
κ.~j = −~∇V (M, t) + ~v(M, t)× ~B0(M, t) (1.11)
1.2 The Magnetic Induction Problem and Its
Solution
The method to obtain the expression of the torque is based on the method
from reference [5]. The total density current ~j(M, t) inside the volume of
the conducting material Ω satisfies the charge conservation of Eqn. (1.5).
Moreover, the total density current~j(M, t) remains inside the volume Ω. This
last condition means that at any point P on the surface S of the body, the
normal to the surface current ~j(P, t) is equal to zero. This is mathematically
expressed by equation (1.12).
~j(P, t) · ~n(P ) = 0 ,∀P ∈ S (1.12)
In order to find the total density current~j(M, t) in volume Ω, from Eqn. (1.11),
the electrical potential V (M, t) must be calculated. If the two conditions of
the current (Eqns (1.5) and (1.12)) are applied to Eqn. (1.11), a system of
two equations is obtained.

~∇[~∇V (M, t)] = ~∇[~v(P, t)× ~B0] ,∀M ∈ Ω
~n · ~∇V (M, t) = ~n · [~v(P, t)× ~B0] ,∀P ∈ S
(1.13)
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This system of partial differential equations is actually a Poisson equation
with Neumann boundary conditions. Assuming that the problem is quasi-
stationary at any time t, Eqns (1.13) become

∆V (M) = ~∇[~v(P, t)× ~B0] ,∀M ∈ Ω
∂V (V )
∂n
∣∣∣∣
S
= ~n · [~v(P, t)× ~B0] ,∀P ∈ S
. (1.14)
Eqns (1.14) can be written as a function of M and P as

∆V (M) = σ(M),∀M ∈ Ω
∂V (V )
∂n
∣∣∣∣
S
= f(P ),∀P ∈ S
. (1.15)
The physical problem (1.15) is well-defined and has a unique solution math-
ematically [2]. This problem can be solved using Green’s function which is a
function of two variables: M , the position vector, and M0, a fixed location in
space [2]. Green’s function is defined, for a system with Neumann boundary
conditions, as the solution of system

∇2G(M,M0) = δ(M −M0) in Ω
∂G
∂n
=
1
A
on S
. (1.16)
where A =
∫∫∫
Ω
dS is the surface area of S.
Using Green’s function, the electrical potential V (M) is the unique solution
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of system of Eqns (1.15) and can be written as the following equation.
VM0 = −
∫∫∫
Ω
σ(M)G(M,M0)dΩ−
∫∫
§
f(P )G(P,M0)dS + constant
(1.17)
The constant in the Green’s function comes from the integration of the sys-
tem of Eqns (1.15). As it is known that the gradient of the electrical potential
creates the current, the constant in equation (1.17) is equal to zero.
Once the density current is calculated, the Lorentz force defined in equa-
tion (1.8) can be used to find the torque. The torque ~Γ applied on the body
at any point M is a function of the density current ~j(M, t), the magnetic
field ~B(M, t) and the velocity ~v.
d~Γ
dτ
= ~AM × [ ~J(M, t)× ~B(M, t)] (1.18)
where A is a point in Ω.
Knowing that the integration of the magnetic field in the volume of the body
is equal to zero, equation (1.18) can be written as equation (1.19).
(Bx, By, Bz) and (jx, jy, jz) are the components in the body frame of the
magnetic field vector ~B and the total density current ~j respectively.
~Γ =
∫∫∫
Ω
((x.Bx + y.By + z.Bz)

jx
jy
jz
)dΩ (1.19)
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Another expression of the torque can be written as well like equation (1.20).
~Γ = (
1
2
∫∫∫
Ω
( ~OM ×~j(M)dΩ)× ~B (1.20)
Because the purpose of this study is to analyze the rotational rate of the
debris considered, the attitude dynamics equation must be defined. This
well-known equation can be written
I¯ ~˙ω = ~Γ− ~ω × I¯~ω, (1.21)
where Γ = Γec is the torque induced by eddy currents.
Once all vectors are expressed in the body coordinate system the attitude
dynamics, Eqn (1.21) can be expressed as
I¯ ~˙ω = ~Γ. (1.22)
Because the motion of a conducting body in a magnetic field generates eddy
currents which create a torque in the opposite direction of the change in the
magnetic flux, the rotational rate of the body is reduced. Consequently, it is
expected to observe an exponential deceleration of the analyzed debris. The
exponential form results from the solution form of the differential Eqn. (1.22)
The method to find the torque applied on a spinning body[5] is summarized
below:
1. Formulate the current~j equation (1.11) from general Eqns (1.1) to (1.9)
2. Set up the Poisson problem with Neumann boundary conditions (Eqns (1.5)
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and (1.12) and systems (1.13) to (1.14))
3. Solve the Poisson problem (Eqns (1.15)) for the electrical potential.
4. Use the solution into generalized Ohm’s law equation (1.11)
5. Calculate the torque through equation (1.18)
6. Calculate the angular rate of the body through equation (1.22)
The solution of Poisson problem is the only critical step of the method. Only
a few cases like a sphere can be analytically solved. It means that, in most
of the cases, a finite element solver has to be used to solve the problem and
find the electrical potential. In this paper, the finite element solver used is
FreeFEM ++ [1].
1.3 Validation of The Fine Element Solver
The finite element results are validated by comparing them with analytic
results. The analytic problem used in this study is the one described in tech-
nical report A Theoretical Study of The Toques Induced by a Magnetic Field
on Rotating Cylinders and Spinning Thin-Wall Cones, Cone Frustums, and
General Body of Revolution by G. Louis Smith [7]. The problem set up for
a cylinder is shown in Figure 1.1.
Assuming the cylinder is spinning only around the z direction, the torque
applied on the body is equal to
14
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Figure 1.1: Coordinate system for symmetrically spinning cylinder [7]
L = −piσh2ωr3lt sin(λ)
[
1− 2.r
l
tanh(
l
2.r
)
]
sin(λ)zˆ, (1.23)
where L Torque in the z direction,
σ Electrical conductivity,
c Speed of light,
h Magnitude of the magnetic field H,
ω Angular rate,
r Radius of cylinder,
l Length of cylinder,
t Thickness,
λ Angle between z-axes and H.
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For comparison, only the part independent of the material properties, the
magnitude of the magnetic field and the angular rate is used. Indeed, these
characteristics are constant and equal in both approaches. Moreover, be-
cause the finite element solver can only solve time dependent problems, the
compared value is the coefficient of the angular rate ω. Consequently, only
the expression
−piσr3lt sin(λ)
[
1− 2.r
l
tanh(
l
2.r
)
]
sin(λ) (1.24)
is compared. Table (1.1) lists the parameters used in this example and their
value and Table (1.2) lists the results of the analytic and FreeFEM for dif-
ferent angles λ.
Table 1.1: Parameter used in the NASA analytic problem
Symbol Value Unit
E(M, t) Electrical field V.m−1
l 6 m
r 1.3 m
t 0.005 m
1− 2.r
l
tanh( l
2.r
) 0.575 -
From Table (1.2), it can be noted that the percentage errors are less than
0.75% and this result justifies the use of the finite element solver.
The NASA report gives the torque along the x axis as well. A second com-
parison can be done using the following
16
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Table 1.2: Comparison of torque along z found with the NASA analytic
problem and the finite element solver
λ(◦) FreeFEM NASA % error
Tz =
ω.B2
κ
... Tz =
ω.B2
κ
...
0 −2.2597× 10−5 0 0
45 -0.0599 -0.0595 0.759
90 -0.1199 -0.1190 0.7250
135 -0.0600 -0.0595 0.7594
180 −2.2510× 10−5 −1.7875× 10−5 0
-135 -0.0600 -0.0595 0.7806
-90 -0.1199 -0.1191 0.7250
-45 -0.600 -0.0595 0.7632
L = −piσh2ωr3lt sin(λ)
[
(1− 2.r
l
tanh(
l
2.r
)
]
cos(λ)~x. (1.25)
Table (1.3) shows similar results as Table (1.2), the percentage errors are less
than 0.75%.
Table 1.3: Comparison of torque along x found with the NASA analytic
problem and the finite element solver
λ(◦) FreeFEM NASA % error
Tz =
ω.B2
κ
... Tz =
ω.B2
κ
...
0 −5.5288× 10−7 0 0
45 0.0599 0.0595 0.6899
90 −1.266× 10−9 7.2954× 10−18 0
135 0.0599 0.0594 0.6763
180 −5.5303× 10−7 −1.4591× 10−17 0
-135 -0.05993 -0.05954 0.6311
-90 6.8272× 10−11 −7.2954× 10−18 0
-45 -0.0599 -0.0595 0.6681
Calculation errors from the finite element solver are negligible, the differ-
ence errors between the solver and an analytic solution are usually less than
17
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1%. Consequently, a finite element solver is used in this thesis to calculate
the torque applied on the debris.
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Chapter 2
Practical Case Analysis
Once all the equations describing the induction phenomenon and a well-
posed Poisson problem are defined, the method is applied on specific shapes:
a thin plate, a monocoque, an half conical shell and a spherical shell. The
first shape analyzed in this paper is a thin plate.
2.1 Thin Plate
In this case, the debris is a thin flat panel shown in Figure 2.1. The thickness
t is equal to 2 mm and the height h and the width w are equal to 1 m. In
order to see all the surface, the thickness of the shape on Figure 2.1 has been
increased. Numbers shown on the figure specify each surface for Neumann
boundary conditions.
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Figure 2.1: Thin plate debris considered
2.1.1 Independent Rotation
In this part, it’s considered that the debris is rotating around one axis at
a time. In order to calculate the torque produced by eddy currents, three
cases have to be differentiated: the rotation around the x, y and z axis. In
all three cases, the problem is solved in the body frame (xˆ, yˆ, zˆ).
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2.1.1.1 Debris Rotating Along The X Axes
In the case of a rotation around the x axes, the velocity of any point M of
the debris can be written as
~v(M, t) = −ωxzyˆ + ωxyzˆ (2.1)
where ωx is the rotation speed along the axis x.
As it has been assumed earlier, the self-induction phenomenon is neglected
and the magnetic field is considered constant in the inertial frame (xˆ′, yˆ′, zˆ′).
The magnetic field vector is expressed in the inertial frame and is equal to
~B = B sin(λ) cos(ψ)xˆ′ +B sin(λ) sin(ψ)yˆ′ +B cos(λ)zˆ′ (2.2)
Figure 2.2 shows the direction of the angular rate and the magnetic field
vector for this case.
In order to express the attitude dynamics of the debris in its frame, the
magnetic field vector ~B must be expressed in the body frame. Using the
rotation matrix around x, the magnetic field vector ~B in the body frame of
the debris is equal to
~B = B sinλ cosψxˆ
+B(sinλ sinψ cosωxt− cosλ sinωxtyˆ
+B(sinλ sinψ sinωxt+ cosλ cosωxtzˆ.
(2.3)
Once both vectors ~v and ~B are defined in the body frame, the method defined
21
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Figure 2.2: Configuration of a rotation around x for a thin plate
in the previous chapter can be applied.
1. Total density current ~j.
By applying the velocity ~v (2.1) and the magnetic field vector ~B(M, t) (2.3)
into Eqn. (1.11), total density current can be written as

κjx = −∂V
∂x
−Bωxz[sinλ sinψ sinωxt+ cosλ cosωxt]
−Bωxy[sinλ sinψ cosωxt− cosλ sinωxt]
κjy = −∂V
∂y
+Bωxy sinλ cosψ
κjz = −∂V
∂z
+Bωxz sinλ cosψ
. (2.4)
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(jx, jy, jz) are defined as the component of the total density current
~j(M, t) in the body frame (xˆ, yˆ, zˆ)
2. Poisson problem with Neumann boundary conditions:

δV (M) = 2Bω cos(λ)
∂V (P )
∂n
∣∣∣∣
1
=Bωxz[sinλ sinψ sinωxt+ cosλ cosωxt]
+Bωxy[sinλ sinψ cosωxt− cosλ sinωxt]
∂V (P )
∂n
∣∣∣∣
2
=−Bωxz[sinλ sinψ sinωxt+ cosλ cosωxt]
−Bωxy[sinλ sinψ cosωxt− cosλ sinωxt]
∂V (P )
∂n
∣∣∣∣
3
= −Bωxy sinλ cosψ
∂V (P )
∂n
∣∣∣∣
4
= Bωxy sinλ cosψ
∂V (P )
∂n
∣∣∣∣
5
= −Bωxz sinλ cosψ
∂V (P )
∂n
∣∣∣∣
6
= Bωxz sinλ cosψ
(2.5)
3. Solve Poisson problem
The method uses a finite element solver to solve Poisson problem. Solv-
ing such a problem through a finite element solver can be difficult and
in particular the meshing. In order to make this part easier, it is possi-
ble to software Tetview which helps to differentiate each surface of the
body. Defining correctly each surface of the body is critical to solve
Poisson problem. Picture (2.3) shows the debris modeled on Tetview.
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Figure 2.3: Debris meshed with Tetview
As finite element solver FreeFEM is calculating the electrical potential
at an instant t, all of the variables have to be separated. In this case, the
electrical potential is split into five parts. The first part V1 depends on
sin(λ) cos(ψ), the second part V2 on cos(λ) cos(ωxt), the third part V3 on
sin(λ) sin(ψ) cos(ωxt), the fourth part V4 on sin(λ) sin(ψ) sin(ωxt) and
finally the fifth parts V5 on cos(λ) sin(ωxt). The coefficients calculated
with the finite element solver are shown in Eqn. (2.6).
4. Use the finite element solver and the generalized Ohm’s law equa-
tion (1.11) to evaluate the total density current ~j
5. The finite element solver gives a good approximation of the torque in
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the body coordinate system. Its expression is
~Γx =

B2ωx
κ
[−2.47.10−15 sin2 λ cos2 ψ]
+B
2ωx
κ
[−6.67.10−10 cos2 λ− 6.67.10−10 sin2 λ sin2 ψ] cos2 ωxt
+B
2ωx
κ
[−6.67.10−10 sin2 λ sin2 ψ − 6.67.10−10 cos2 λ] sin2 ωxt
(2.6)
6. The angular rate is calculated through equation (1.22).
To calculate the moment of inertia of the object, a material has to be
defined first. Because aluminum alloy is the material the most used
in the industry, it is assumed that the debris is made of aluminum.
Table 2.1 lists the aluminum characteristics used in this analysis.
Table 2.1: Aluminum characteristic used in this analysis
Aluminum
Parameters Value Unit
Density 2700 Kgm−3
Resistivity (κ) 3.21× 10−8 Ωcm
From these characteristics, the mass and the moment of inertia of the
body can be calculated.
In this case, the body axes are the principal axes, thus the inertia
matrix I¯ is diagonal.
The moment of inertia matrix is
I¯ =

Ixx 0 0
0 Iyy 0
0 0 Izz
 =

0.9 0 0
0 0.45 0
0 0 0.45
 Kgm2. (2.7)
25
Thin Plate
Consequently, equation (1.22) can be written as
~˙ωx = I
−1
xx Γx =
1
0.9
Γx (2.8)
, where Γx is defined in Eqn. (2.6).
Equation (2.8) is solved with the ODE integrations Matlab. Matlab simulates
the rotation of the debris around the x axes. The simulation is initialized
with a initial angular rate equal to ωx0 = 50 rad/s = 2,864 deg/s (≈ 8Hz).
The angular rate after fragmentation is unknown but due to the fact that
fragmentations are typically resulting from energetic events a large value of
the initial angular rate has been chosen. Moreover, inclination λ and lon-
gitude ψ of an object belong to a space cloud are different for each case.
Consequently, a latitude of 45◦ and a longitude of 45◦ are chosen arbitrary.
Figure 2.4 shows the direction of the initial angular rate ~ωx0 and the mag-
netic field vector ~B.
Figure 2.5 shows the angular rate of the debris over time. The result demon-
strates that angular rate ωx is decreasing very slowly. Due to the very small
thickness of the plate the eddy currents generated along x are small and thus
the torque applied on the debris is o small that it doesn’t slow down the
body in a reasonable time.
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Figure 2.4: Initial configuration of a rotation around x for a thin plate
2.1.1.2 Debris Rotating Along The Y Axes
In this case, the velocity of any point M of the body can be expressed as
~v(M, t) = ωyzxˆ− ωyxzˆ, (2.9)
where ωy is the rotation speed along the axis y. As mentionned previously,
the magnetic field vector is constant in the inertial frame (xˆ′, yˆ′, zˆ′) and its
expression is the same as Eqn. (2.2).
Figure 2.6 shows the configuration of the angular rate and the magnetic field
vector for the case of a rotation around y.
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Figure 2.5: Behavior of the rotation around x for a thin plate with an incli-
nation λ equal to 45◦ and a longitude ψ equal to 45◦
In order to define the attitude dynamics of the debris in its frame, the mag-
netic field vector ~B must be expressed in the body frame. Using the rotation
matrix around y, the magnetic field vector ~B is now equal to
~B = B[sinλ cosψ cosωyt+ cosλ sinωyt]xˆ
+B sinλ sinψyˆ
+B[cosλ cosωyt− sinλ cosψ sinωyt]zˆ
(2.10)
The expression of ~v and ~B are used to set up the problem of the method.
1. Total density current ~j equation.
By applying the velocity ~v (2.9) and the magnetic field vector ~B(M, t) (2.10)
28
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Figure 2.6: Configuration of a rotation around y for a thin plate
into Eqn. (1.11), total density current is equal to

κjx = −∂V
∂x
+Bωyx sinλ sinψ
κjy = −∂V
∂y
−Bωyx[sinλ cosψ cosωyt+ cosλ sinωyt]
−Bωyz[cosλ cosωyt− sinλ cosψ cosωyt]
κjz = −∂V
∂z
+Bωyz sinλ sinψ
. (2.11)
(jx, jy, jz) are defined as the component of the total density current
~j(M, t) in the body frame (xˆ, yˆ, zˆ)
2. Poisson problem with Neumann boundary conditions in the case of a
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rotation around y is

δV (M) = 2Bωz cos(λ)
∂V (P )
∂n
∣∣∣∣
1
= −Bωyx sinλ sinψ
∂V (P )
∂n
∣∣∣∣
2
= Bωyx sinλ sinψ
∂V (P )
∂n
∣∣∣∣
3
= Bωy[x sinλ cosψ sinωyt+ x cosλ sinωyt]
+Bωy[z cosλ cosωyt− z sinλ cosψ sinωyt]
∂V (P )
∂n
∣∣∣∣
4
=−Bωy[x sinλ cosψ sinωyt+ x cosλ sinωyt]
−Bωy[z cosλ cosωyt− z sinλ cosψ sinωyt]
∂V (P )
∂n
∣∣∣∣
5
= −Bωyz sinλ sinψ
∂V (P )
∂n
∣∣∣∣
6
= Bωyz sinλ sinψ
(2.12)
3. Solve Poisson problem
In the similar way to the previous case, all variables is separated in
order to let the finite element solver calculates the electrical poten-
tial. Consequently, the electrical potential is split into five parts as
well. The first part V1 depends on sin(λ) sin(ψ), the second part V2 on
sin(λ) cos(ψ) cos(ωyt), the third part V3 on cos(ψ) cos(ωyt), the fourth
part V4 on cos(ψ) sin(ωyt) and finally the fifth part V5 on sin(λ) cos(ψ) sin(ωyt).
These values are reported in equation (2.13)
4. Use the finite element solver and the generalized Ohm’s law equa-
tion (1.11) to evaluate the total density current ~j
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5. The finite element solver gives a good approximation of the torque in
the body coordinate system and can be expressed as following
~Γy =

B2ωy
κ
[−4.35.10−13 sin2 λ sin2 ψ]
+B
2ωy
κ
[−6.67.10−10 sin2 λ cos2 ψ − 7.03.10−5 cos2 λ] cos2 ωyt
+B
2ωy
κ
[−6.67.10−10 cos2 λ− 7.03.10−5 sin2 λ cos2 ψ] sin2 ωyt
(2.13)
6. Once the eddy current torque induced in the body is obtained, the at-
titude dynamics equation (1.22) can be used to define the motion of
the body.
Using the moment of inertia matrix (2.7), Eqn. (1.22) can be written
~˙ωy = I
−1
yy Γy =
1
0.45
Γy, (2.14)
where Γy is defined in equation (2.13).
Eqn. (2.14) is solved with Matlab. Matlab simulates the rotation of the debris
around the y axes. The initial angular rate and orientation of the magnetic
field with respect to the inertial frame is the same as in the previous case of
rotation about x axis, ω0 = 50 rad/s and λ = ψ = 45
◦.
Figure 2.7 shows the configuration of initial angular rate ~ωy0 and magnetic
field vector ~B.
Figure 2.8 shows the angular rate of the debris considered over time. The
result demonstrated that the angular rate is decreasing exponentially and
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Figure 2.7: Initial configuration of a rotation around y for a thin plate
that the debris gets stable after 60 days approximately. From Figure 2.8 and
Matlab, the damping time constant is calculated and is equal to 10.6 days.
Another interesting result is the time of stabilization vs the initial rate. Fig-
ure 2.9 shows such a result. As expected the time of stabilization is longer
as the initial angular rate is increasing. It is considered that the debris is
stable when its angular rate is less than 0.1 rad/s. This condition is true for
all results.
Because latitude λ and longitude ψ are unknown, their influence on the evo-
lution of the rotational rate are analyzed.
Figure 2.10 underlines the influence of angle ψ by showing the steady time
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Figure 2.8: Behavior of the rotation around y for a thin plate with an incli-
nation λ equal to 45◦ and a longitude ψ equal to 45◦
relative to angle ψ. Angle ψ has a great influence on the motion of the de-
bris in the case of a rotation around y. Indeed, only the component of the
magnetic field vector normal to the y axes provides a torque along y. In this
case, when the longitude ψ is closer to 90◦ or 270◦ the magnetic field vector
becomes parallel to the y axes. In this case, no eddy currents, or a very small
amount, are created and thus there is no torque applied on the debris along
the y axes. Angle ψ directly affects the time of stabilization of a rotation
around the y axes.
Figure 2.11 shows the influence of inclination λ by showing the stabilization
time relative to angle λ. As it is expected, angle ψ does not have any influence
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Figure 2.9: Time of stabilization of a thin plate relative to the initial angular
rate in the case of a rotation around y with an inclination λ equal to 45◦ and
a longitude ψ equal to 45◦
on the torque in the case of a rotation around y. Indeed, only the component
of the magnetic field vector normal to the y axes provides a torque. In this
case, no matter how λ changes over time, angle ψ between the magnetic
vector ~B and the y axis, in other words the relative position of ~B compared
to normal to the y axes, does not change. Thus, the time of stabilization is
constant relative to angle λ for a rotation around y.
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Figure 2.10: Time of stabilization of a thin plate relative to angle ψ in the
case of a rotation around y with an inclination λ equal to 45◦
2.1.1.3 Debris Rotating Along The Z Axis
In the case of a rotation around z, the velocity of any point M of the debris
expressed in the body is equal to
~v(M, t) = −ωzyxˆ+ ωzxyˆ (2.15)
where ωz is the rotation speed along the axis z.
Figure 2.12 shows the configuration of the angular rate and the magnetic
field vector for this case.
In order to express the attitude dynamics of the debris in its frame, the
magnetic field vector must be expressed in the body frame. Using the rotation
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Figure 2.11: Time of stabilization of a thin plate relative to angle λ in the
case of a rotation around y with a longitude ψ equal to 45◦
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Figure 2.12: Configuration of a rotation around z for a thin plate
matrix around z on Eqn. (2.2), ~B is equal to
~B = B sinλ[cosψ cos(ωzt)− sinψ sinωzt]xˆ
+B sinλ[cosψ sin(ωzt)− sinψ cosωzt]yˆ
+B cosλzˆ
. (2.16)
(jx, jy, jz) are defined as the component of the total density current ~j(M, t)
in the body frame (xˆ, yˆ, zˆ).
1. Total density current ~j equation.
By applying the velocity ~v(M, t) (2.15) and the magnetic field vector
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~B(M, t) (2.16) into Eqn. (1.11), total density current can be written as

κjx = −∂V
∂x
+Bωzx cosλ
κjy = −∂V
∂y
+Bωzy cosλ
κjz = −∂V
∂z
−Bωzy sinλ[cosψ sinωzt− sinψ cosωzt]
−Bωzx sinλ[cosψ cosωzt− sinψ sinωzt]
. (2.17)
2. Poisson problem with Neumann boundary conditions for this case is

δV (M) = 2Bωz cosλ
∂V (P )
∂n
∣∣∣∣
1
= −Bωzx sinλ
∂V (P )
∂n
∣∣∣∣
2
= Bωzx sinλ
∂V (P )
∂n
∣∣∣∣
3
= −Bωzy sinλ
∂V (P )
∂n
∣∣∣∣
4
= Bωzy sinλ
∂V (P )
∂n
∣∣∣∣
5
= Bωzy sinλ[cosψ sinωzt− sinψ cosωzt]
+Bωzx sinλ[cosψ cosωzt− sinψ sinωzt]
∂V (P )
∂n
∣∣∣∣
6
=−Bωzy sinλ[cosψ sinωzt− sinψ cosωzt]
−Bωzx sinλ[cosψ cosωzt− sinψ sinωzt]
(2.18)
3. Solve Poisson problem
As it is said in the induction problem paragraph, the previous Poisson
problem cannot be solved analytically. The problem has to be solved
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with a finite element solver.
Solver FreeFEM is calculating the electrical potential at an instant
t, thus, like in the previous cases, all of the variables have to be
separated. Because Poisson equation is linear, it is possible to split
the electrical potential into five parts. The first part V1 depends on
cos(λ), the second part V2 on sin(λ) sin(ψ) cos(ωzt), the third part V3
on sin(λ) cos(ψ) cos(ωzt), the fourth part V4 on sin(λ) cos(ψ) sin(ωzt)
and finally the fifth parts V5 on sin(λ) sin(ψ) sin(ωzt). These values are
reported in equation (2.19)
4. Use the finite element solver and the generalized Ohm’s law equa-
tion (1.11) to evaluate the total density current ~j
5. The finite element solver gives a good approximation of the torque in
the body coordinate system and can be expressed as following
~Γz =

B2ωz
κ
[−4.36.10−13 cos2 λ]
+B
2ωz
κ
[−7.03.10−5 sin2 λ sin2 ψ − 6.67.10−10 sin2 λ cos2 ψ] cos2 ωzt
+B
2ωz
κ
[−7.03.10−5 sin2 λ cos2 ψ − 6.67.10−10 sin2 λ sin2 ψ] sin2 ωzt
(2.19)
6. Once the eddy current torque is obtained, the attitude dynamics equa-
tion (1.21) can be used to define the motion of the body.
Using the same moment of inertia matrix (2.7), Eqn. (1.22) can be
written
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~˙ωz = I
−1
zz Γz =
1
0.45
Γz, (2.20)
where Γz is defined in equation (2.19)
Eqn. (2.14) is solved with Matlab. Matlab simulates the rotation of the debris
around the y axes. The initial angular rate and orientation of the magnetic
field with respect to the inertial frame is the same as in the previous case of
rotation about x axis, ω0 = 50 rad/s and λ = ψ = 45
◦.
Figure 2.13 shows the configuration of initial angular rate ~ωy0 and magnetic
field vector ~B.
The results for this case show the exact same behaviour as the Oy rotation.
More information about this result is given in the next section, Comparison
and Analysis.
However, the influence of latitude λ and longitude ψ is different from the
case of a rotation around the y axis.
The first Figure 2.14 underlines the influence of angle ψ by showing the sta-
bilization time relative to the angle ψ. As anticipated, angle ψ does not have
any influence on the torque in the case of a rotation around z. Indeed, only
the component of the magnetic field vector normal to the z axes allows eddy
currents and thus provides a torque. In this case, the relative position of ~B
with the z axes does not change with angle ψ. Consequently, the time of
stabilization is constant as angle ψ changes in the case of a rotation around
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Figure 2.13: Initial configuration of a rotation around z for a thin plate
z only.
Figure 2.15 portrays the influence of angle λ on the stabilization time. Angle
λ has a great influence on the torque in the case of a rotation around z.
The relative position of vector ~B to the z axes affects directly the time of
stabilization. Thus, latitude λ is a parameter that has to be taken into
account. Here, when λ gets closer to 0◦ or 180◦,vector ~B is aligned with the
z axes. Consequently, no eddy currents, or a small amount, are created in
the body and thus there is no torque applied on the debris along the z axes.
Angle λ directly affects the time of stabilization of a rotation around z.
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Figure 2.14: Time of stabilization of a thin plate relative to angle ψ in the
case of a rotation around z with an inclination λ equal to 45◦
2.1.1.4 Comparison And Analysis
Figure 2.16 shows angular rates around all three axes for an inclination λ
equal to 45◦ and a longitude ψ equal to 45◦. It can be noticed from Figure 2.16
that the angular rate around z and y are equal. Indeed, the angle of the
magnetic field with the axes y (ψ) and with the axes z (λ) are both equal
to 45◦). Thus, the relative position of ~B to the y and z axis is equivalent.
Moreover, due to the symmetric geometry of the plate, the moments of inertia
along y and z are the same. Consequently, as it was expected, the evolution
of the rotational rate around z and y is the same when the relative position
of ~B to y and z are equal.
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Figure 2.15: Time of stabilization of a thin plate relative to angle λ in the
case of a rotation around z with a longitude ψ equal to 45◦
In order to study the difference behaviour of the debris, the angle λ is changed
to 60◦. Figure 2.17 shows the new angular rates around all three axes for
an inclination λ equal to 60◦ and a longitude ψ equal to 45◦. It can be no-
ticed that the angular rate around the z axes is slowing down faster. With
an angle λ equal to 60◦, the magnetic field vector is further from the z axis
and thus the normal component of ~B to the z axis is larger. Consequently,
the eddy currents providing torque along the z axis are larger than the eddy
currents created along the y axis and the angular rate ωz is stabilized faster
than angular rate ωy.
To finish with the comparison, Figure 2.18 shows the influence of the initial
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Figure 2.16: Behavior of the independent rotation around x, y, z axes for a
thin plate with an inclination λ equal to 45◦ and a longitude ψ equal to 45◦
angular rate on the time of stabilization in the case of an inclination and a
longitude equal to 45◦. As it has been explained for Figure 2.16, the evolution
of the angular rate around the y and z axes is the same when λ and ψ are
equal to 45◦. Figure 2.18 underlines this phenomenon and shows that the
time of stabilization of the rotation around y and z is the same for any value
of the initial angular rate ω0.
In order to have a better understanding of the influence of the initial angular
rate on the time of stabilization, Figure 2.19 shows the influence of the initial
angular rate on the time of stabilization in the case of an inclination equal
to 60◦ and a longitude equal to 45◦. The figure underlines that the time of
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Figure 2.17: Behavior of the independent rotation around x, y, z axes for a
thin plate with an inclination λ equal to 60◦ and a longitude ψ equal to 45◦
stabilization increases consequently as the initial angular rate increases. In
the same way that Figure 2.17, Figure 2.19 shows that the angular rate ωz
is slowing done faster than the angular rate ωy.
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Figure 2.18: Time of stabilization of a thin plate relative to the initial angular
rate in the case of an independent rotation around x, y and z axes with an
inclination λ equal to 45◦ and a longitude ψ equal to 45◦
2.1.2 Generalized Rotation
In this part, it is considered that the object is rotating around all three axes
simultaneously. Calculations use the raw pitch yaw convention in the body
frame (xˆ, yˆ, zˆ).
In the generalized rotation, the velocity of any point M of the object can be
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Figure 2.19: Time of stabilization of a thin plate relative to the initial angular
rate in the case of an independent rotation around x, y and z axes with an
inclination λ equal to 60◦ and a longitude ψ equal to 45◦
expressed as the sum of rotations around all three axes and is equal to
~v(M, t) = ~Vx + ~Vy + ~Vz
= (−ωxzyˆ + ωxyzˆ) + (ωyzxˆ+ ωyxzˆ) + (−ωzyxˆ+ ωzxyˆ)
= (ωyz − ωzy)xˆ+ (ωzx− ωxz)yˆ + (ωxy − ωyx)zˆ
, (2.21)
where ωx is the rotation speed along the axis x.
ωy is the rotation speed along the axis y.
ωz is the rotation speed along the axis z.
Figure 2.20 shows the configuration of the angular rate and the magnetic
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field vector for this case.
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Figure 2.20: Configuration of a generalized rotation around x, y and z for a
thin plate
In order to express the attitude dynamics of the debris in its frame, the
magnetic field vector ~B must be expressed in the body frame. The raw pitch
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yaw convention defines the rotation matrix RTz R
T
yR
T
x as

xˆ′
yˆ′
zˆ′
 = RTz RTyRTx

xˆ
yˆ
zˆ

=

cosωzt sinωzt 0
− sinωzt cosωzt 0
0 0 1


cosωyt 0 − sinωyt
0 1 0
sinωyt 0 cosωyt


1 0 0
0 cosωxt sinωxt
0 − sinωxt cosωxt


xˆ
yˆ
zˆ

=

cosωyt cosωzt cosωyt sinωzt − sinωyt
sinωxt sinωyt cosωzt− cosωxt sinωzt sinωxt sinωyt sinωzt+ cosωxt cosωzt sinωxt cosωyt
cosωxt sinωyt cosωzt+ sinωxt sinωzt cosωxt sinωyt sinωzt− sinωxt cosωzt cosωxt cosωyt


xˆ
yˆ
zˆ
 .
(2.22)
Using this rotation matrix on Eqn.(2.2), the magnetic field vector ~B is equal
to
~B =

B sinλ cosψ cosωyt cosωzt+B sinλ sinψ[sinωxt sinωyt cosωzt− cosωxt sinωzt] +B cosλ[cosωxt sinωyt cosωzt+ sinωxt sinωzt]
B sinλ cosψ cosωyt sinωzt+B sinλ sinψ[sinωxt sinωyt sinωzt+ cosωxt cosωzt] +B cosλ[cosωxt sinωyt sinωzt− sinωxt cosωzt]
−B sinλ cosψ sinωyt+B sinλ sinψ sinωxt cosωyt+B cosλ cosωxt cosωyt


xˆ
yˆ
zˆ
 .
(2.23)
(Bx, By, Bz) and (jx, jy, jz) are defined as the component of the magnetic
field vector ~B(M, t) and the total density current ~j(M, t), respectively, in the
body frame (xˆ, yˆ, zˆ)
1. Total density current ~j equation.
By applying the velocity ~v(M, t) (2.21) of any point M of the debris
and the magnetic field vector ~B (2.23) into Eqn. (1.11), total density
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current can be written as

κ.jx = −∂V
∂x
+ (ωzx− ωxz)Bz − (ωxy − ωyx)By
κ.jy = −∂V
∂y
+ (ωxy − ωyx)Bx − (ωyz − ωzy)Bz
κ.jz = −∂V
∂z
+ (ωyz − ωzy)By − (ωzx− ωxz)Bx
. (2.24)
2. Poisson problem with Neumann boundary conditions for this case is
equal to

δV (M) = 2ωxBx + 2ωyBy + 2ωzBz
∂V (P )
∂n
∣∣∣∣
1
= −(ωzx− ωxz)Bz + (ωxy − ωyx)By
∂V (P )
∂n
∣∣∣∣
2
= (ωzx− ωxz)Bz − (ωxy − ωyx)By
∂V (P )
∂n
∣∣∣∣
3
= −(ωxy − ωyx)Bx + (ωyz − ωzy)Bz
∂V (P )
∂n
∣∣∣∣
4
= (ωxy − ωyx)Bx − (ωyz − ωzy)Bz
∂V (P )
∂n
∣∣∣∣
5
= −(ωyz − ωzy)By + (ωzx− ωxz)Bx
∂V (P )
∂n
∣∣∣∣
6
= (ωyz − ωzy)By − (ωzx− ωxz)Bx
. (2.25)
3. Solve Poisson problem
In the similar way to the previous cases, Poisson problem is solved with
FreeFEM. The linearity of Poisson equation lets separate all variables
of the electrical potential. After separation, it be counted 13 different
variables for each rotation. It means that there are 39 cases to study in
order to define the torque correctly. These values are reported in Eqns
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(2.27 - 2.29).
4. Use the finite element solver and the generalized Ohm’s law equa-
tion (1.11) to evaluate the total density current ~j
5. The finite element solver gives a good approximation of the torque in
the body coordinate system and can be expressed as
~Γ =
[
Γx,Γy,Γz
]
, (2.26)
where (Γx,Γy,Γz) are defined as the components of the torque vector
Γ in the body frame.
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Γx =
B2
κ
ωx〈Axx1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Axx1 sin2 ωxt sin2 ωyt cos2 ωzt
−Axx1 cos2 ωxt sin2 ωzt] + cos2 λ[Axx1 cos2 ωxt sin2 ωyt cos2 ωzt
+Axx1 sin
2 ωxt sin
2 ωzt] +Axx2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Axx2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Axx2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Axx2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Axx2 sin2 ωxt cos2 ωzt]
−Axx3 sin2 λ cos2 ψ sin2 ωyt+Axx3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Axx3 cos
2 λ cos2 ωxt cos
2 ωyt〉
+
B2
κ
ωy〈Axy1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Axy1 sin2 ωxt sin2 ωyt cos2 ωzt
−Axy1 cos2 ωxt sin2 ωzt] + cos2 λ[Axy1 cos2 ωxt sin2 ωyt cos2 ωzt
+Axy1 sin
2 ωxt sin
2 ωzt] +Axy2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Axy2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Axy2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Axy2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Axy2 sin2 ωxt cos2 ωzt]
−Axy3 sin2 λ cos2 ψ sin2 ωyt+Axy3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Axy3 cos
2 λ cos2 ωxt cos
2 ωyt〉
+
B2
κ
ωz〈Axz1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Axz1 sin2 ωxt sin2 ωyt cos2 ωzt
−Axz1 cos2 ωxt sin2 ωzt] + cos2 λ[Axz1 cos2 ωxt sin2 ωyt cos2 ωzt
+Axz1 sin
2 ωxt sin
2 ωzt] +Axz2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Axz2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Axz2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Axz2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Axz2 sin2 ωxt cos2 ωzt]
−Axz3 sin2 λ cos2 ψ sin2 ωyt+Axz3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Axz3 cos
2 λ cos2 ωxt cos
2 ωyt〉
(2.27)
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Where coefficients are listed on Table (2.2).
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Γy =
B2
κ
ωx〈Ayx1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Ayx1 sin2 ωxt sin2 ωyt cos2 ωzt
−Ayx1 cos2 ωxt sin2 ωzt] + cos2 λ[Ayx1 cos2 ωxt sin2 ωyt cos2 ωzt
+Ayx1 sin
2 ωxt sin
2 ωzt] +Ayx2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Ayx2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Ayx2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Ayx2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Ayx2 sin2 ωxt cos2 ωzt]
−Ayx3 sin2 λ cos2 ψ sin2 ωyt+Ayx3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Ayx3 cos
2 λ cos2 ωxt cos
2 ωyt〉
+
B2
κ
ωy〈Ayy1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Ayy1 sin2 ωxt sin2 ωyt cos2 ωzt
−Ayy1 cos2 ωxt sin2 ωzt] + cos2 λ[Ayy1 cos2 ωxt sin2 ωyt cos2 ωzt
+Ayy1 sin
2 ωxt sin
2 ωzt] +Ayy2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Ayy2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Ayy2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Ayy2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Ayy2 sin2 ωxt cos2 ωzt]
−Ayy3 sin2 λ cos2 ψ sin2 ωyt+Ayy3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Ayy3 cos
2 λ cos2 ωxt cos
2 ωyt〉
+
B2
κ
ωz〈Ayz1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Ayz1 sin2 ωxt sin2 ωyt cos2 ωzt
−Ayz1 cos2 ωxt sin2 ωzt] + cos2 λ[Ayz1 cos2 ωxt sin2 ωyt cos2 ωzt
+Ayz1 sin
2 ωxt sin
2 ωzt] +Ayz2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Ayz2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Ayz2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Ayz2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Ayz2 sin2 ωxt cos2 ωzt]
−Ayz3 sin2 λ cos2 ψ sin2 ωyt+Ayz3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Ayz3 cos
2 λ cos2 ωxt cos
2 ωyt〉
(2.28)54
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Where coefficients are listed on Table (2.3).
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Γz =
B2
κ
ωx〈Azx1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Azx1 sin2 ωxt sin2 ωyt cos2 ωzt
−Azx1 cos2 ωxt sin2 ωzt] + cos2 λ[Azx1 cos2 ωxt sin2 ωyt cos2 ωzt
+Azx1 sin
2 ωxt sin
2 ωzt] +Azx2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Azx2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Azx2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Azx2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Azx2 sin2 ωxt cos2 ωzt]
−Azx3 sin2 λ cos2 ψ sin2 ωyt+Azx3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Azx3 cos
2 λ cos2 ωxt cos
2 ωyt〉
+
B2
κ
ωy〈Azy1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Azy1 sin2 ωxt sin2 ωyt cos2 ωzt
−Azy1 cos2 ωxt sin2 ωzt] + cos2 λ[Azy1 cos2 ωxt sin2 ωyt cos2 ωzt
+Azy1 sin
2 ωxt sin
2 ωzt] +Azy2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Azy2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Azy2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Azy2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Azy2 sin2 ωxt cos2 ωzt]
−Azy3 sin2 λ cos2 ψ sin2 ωyt+Azy3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Azy3 cos
2 λ cos2 ωxt cos
2 ωyt〉
+
B2
κ
ωz〈Azz1 sin2 λ cos2 ψ cos2 ωyt cos2 ωzt+ sin2 λ sin2 ψ[Azz1 sin2 ωxt sin2 ωyt cos2 ωzt
−Azz1 cos2 ωxt sin2 ωzt] + cos2 λ[Azz1 cos2 ωxt sin2 ωyt cos2 ωzt
+Azz1 sin
2 ωxt sin
2 ωzt] +Azz2 sin
2 λ cos2 ψ cos2 ωyt sin
2 ωzt
+ sin2 λ sin2 ψ[Azz2 sin
2 ωxt sin
2 ωyt sin
2 ωzt+Azz2 cos
2 ωxt cos
2 ωzt]
+ cos2 λ[Azz2 cos
2 ωxt sin
2 ωyt sin
2 ωzt−Azz2 sin2 ωxt cos2 ωzt]
−Azz3 sin2 λ cos2 ψ sin2 ωyt+Azz3 sin2 λ sin2 ψ sin2 ωxt cos2 ωyt
+Azz3 cos
2 λ cos2 ωxt cos
2 ωyt〉
(2.29)56
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Where coefficients are listed on Table (2.4).
Table 2.2: Coefficient of the torque along the x axis in the case of a generalized
rotation for a thin plate
Coefficient Value
Axx1 −8.73× 10−13
Axx2 −6.67× 10−10
Axx3 −6.67× 10−10
Axy1 −5.92× 10−15
Axy2 −8.08× 10−16
Axy3 1.04× 10−14
Axz1 5.92× 10−15
Axz2 −3.39× 10−15
Axz3 1.14× 10−15
Table 2.3: Coefficient of the torque along the y axis in the case of a generalized
rotation for a thin plate
Coefficient Value
Ayx1 3.22× 10−20
Ayx2 −5.75× 10−13
Ayx3 −3.14× 10−12
Ayy1 −6.67× 10−10
Ayy2 −4.35× 10−13
Ayy3 −7.03× 10−5
Ayz1 −2.61× 10−16
Ayz2 −1.26× 10−12
Ayz3 −6.30× 10−13
6. Once the torque induced in the body is calculated, the attitude dynam-
ics equation (1.21) can be used to define the motion of the body.
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Table 2.4: Coefficient of the torque along the z axis in the case of a generalized
rotation for a thin plate
Coefficient Value
Azx1 1.73× 10−20
Azx2 3.14× 10−12
Azx3 5.75× 10−13
Azy1 −2.61× 10−16
Azy2 −6.32× 10−13
Azy3 −1.26× 10−12
Azz1 −6.67× 10−10
Azz2 −7.03× 10−5
Azz3 −4.36× 10−13
Using the moments inertia matrix (2.7), Eqn. (1.22) can be written
~˙ω =

I−1xx Γx
I−1yy Γy
I−1zz Γz
 =

1
0.9
Γx
1
0.45
Γy
1
0.45
Γz
 , (2.30)
where Γx, Γy and Γz are defined in Eqns (2.27), (2.28) and (2.29) re-
spectively.
System of partial differential equations (2.30) can be solved with Matlab. In
order to avoid the Gimbal lock, the quaternion notation is used in this case.
The rotational equations of motion of a rigid body about its principal axes
is described by the following equation [9]:
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
2q˙1 = ωxq4 − ωyq3 + ωzq2
2q˙2 = ωxq3 − ωyq4 + ωzq1
2q˙3 = −ωxq2 − ωyq1 + ωzq4
2q˙4 = −ωxq1 − ωyq2 + ωzq3
Ixω˙x = (Iy − Iz)ωyωz + Γx
Iyω˙y = (Iz − Ix)ωzωx + Γy
Izω˙z = (Ix − Iy)ωxωy + Γz
, (2.31)
where the quaternion q is defined as the sum of scalar q4 and the vector
(q1,q2,q3) such as q = q1xˆ+q2yˆ+q3zˆ+q4.
Matlab simulates the generalized rotation of the debris around all three axes.
The orientation of the magnetic field with respect to the inertial frame is the
same as in the previous cases, λ = ψ = 45◦ and the magnitude of initial
angular rate is equal to | ~ω0|=
√
502 + 502 + 502 = 50
√
3.
Figure 2.21 shows the configuration of the initial angular rate ~ω0 and the
magnetic field vector.
Figure 2.22 shows the angular rate of the debris over time. The result demon-
strates that the angular rate is decreasing exponentially and is stabilized after
around 60 days.
From Figure 2.22, it can be noted that the time of stabilization for the angular
rate around y and z is the same. However, the evolution of the angular rate
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Figure 2.21: Initial configuration of a generalized rotation around x, y and z
for a thin plate
ωy and ωz are not equal. Indeed, because the eddy currents are constrained
in the plan of the panel (plan y-z), they are directly affected by the latitude
λ and the longitude ψ. From the previous section, it has been demonstrated
that λ and ψ affect differently the rotation around y and z. Consequently,
the evolution of the rotational rate ωy and ωz are different during its deceler-
ation but the time of stabilization is approximately the same. The difference
is underline on Figure 2.23 which shows that the time of stabilization of ωy
and ωz is different of about 4 days.
Finally, it can be noticed that it doesn’t matter if the debris is rotation
around all three axes in the same time or not, the time of stabilization of
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Figure 2.22: Behavior of a generalized rotation around x, y and z for a thin
plate in the case of an inclination λ equal to 45◦ and a longitude ψ equal to
45◦
ωx is still very long. Due to the small thickness of the debris, there is no
enough torque along the x axis to slow down the debris reasonably. It can
be considered that the thin plate can only be partially stable (stable for ωy
and ωz).
Note the damping time constant value:
Tdampingy = 9.0682 days and Tdampingz = 7.3437 days
Another interesting result is the time of stabilization compare to the initial
rate.
Figure 2.23 shows such a result. As expected the time of stabilization is
longer as the initial angular rate is increasing. It can be noticed as well that
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the difference of the time of stabilization of the rotation around y and z is
approximately equal to 4 days.
0 10 20 30 40 50
0
10
20
30
40
50
60
Initial angular rate (rad/s)
St
ea
dy
 ti
m
e 
(s)
 
 
Wy
W
z
Figure 2.23: Time of stabilization of a thin plate relative to the initial an-
gular rate in the case of a simultaneous rotation around x, y and z with an
inclination λ equal to 45◦ and a longitude ψ equal to 45◦
Then, the influence of the position of the magnetic field vector ~B is ana-
lyzed. Figure 2.24 shows the influence of the longitude ψ while Figure 2.25
underlines the influence of the inclination λ on the time of stabilization.
These two figures underline that angles λ and ψ highly affect the time of
stabilization. Indeed, eddy currents are constrained in the plane of the thin
plate. Consequently, the magnitude of the eddy currents is directly propor-
tional to the angle between the magnetic vector ~B and the plane of the plate.
The time of stabilization is highly dependent on the position of the vector ~B.
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Figure 2.24: Time of stabilization of a thin plate relative to the angle ψ in
the case of a generalized rotation around x, y and z with an inclination λ
equal to 60◦
The interpretation of the influence of angle λ and ω is complex. A further
study should be realized to analyze the evolution of the time of stabilization
depending on λ and ψ.
2.2 Monocoque Shell
The shape considered in this section is a monocoque shell as shown in Fig-
ure 2.26. The thickness t is equal to 2 mm, the height h is equal to 1 m and
the angle of the curve is equal to 90◦. The radius of the curvature has been
calculated in the way to obtain the same volume as the previous shape in or-
der to compare results. In the purpose of seeing all the surfaces of the body,
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Figure 2.25: Time of stabilization of a thin plate relative to angle λ in the
case of a generalized rotation around x, y and z with a longitude ψ equal to
45◦
the thickness of the shape on the figure has been increased. Numbers shown
on the figure differentiate each surface for Neumann boundary conditions.
In the study of the monocoque shell, it is considered that the object is ro-
tating around all three axes simultaneously. The raw pitch yaw convention
is used in the body frame (xˆ, yˆ, zˆ).
In this section, the velocity of any point M of the object is equal to the ve-
locity defined in Eqn. (2.21) and the magnetic field has the same expression
as the previous case (2.23).
Figure 2.27 shows the configuration of the angular rate and the magnetic
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Figure 2.26: Configuration of a generalized rotation around x, y and z for a
monocoque shell
field vector for this new geometry.
1. Total density current ~j equation.
In the similar way to the thin plate, total density current can be ob-
tained from Eqn. (1.11) and is defined in the Eqn. (2.24)
2. Poisson problem with Neumann boundary conditions for the mono-
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Figure 2.27: Configuration of a generalized rotation around x, y and z for a
monocoque shell
coque is

δV (M) = 2ωxBx + 2ωyBy + 2ωzBz
∂V (P )
∂n
∣∣∣∣
1
= −[x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωzx− ωxz)Bz − (ωxy − ωyx)By]]
∂V (P )
∂n
∣∣∣∣
2
= x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
∂V (P )
∂n
∣∣∣∣
3
= −((ωxy − ωyx)Bx − (ωyz − ωzy)Bz)
∂V (P )
∂n
∣∣∣∣
4
= −((ωzx− ωxz)Bz − (ωxy − ωyx)By)
∂V (P )
∂n
∣∣∣∣
5
= −((ωyz − ωzy)By − (ωzx− ωxz)Bx)
∂V (P )
∂n
∣∣∣∣
6
= (ωyz − ωzy)By − (ωzx− ωxz)Bx
. (2.32)
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3. Solve Poisson problem
The solution of Poisson problem is calculated through finite element
solver FreeFEM. Because the solver only define stationary solution all
parameters of the electrical potential have to be separated. In the same
way as the previous case, there are 13 different variables for each rota-
tion. It means that there are 39 cases to study in order to define the
torque correctly. These values are reported in Table(2.5 - 2.7).
4. Use the finite element solver and the generalized Ohm’s law equa-
tion (1.11) to evaluate the total density current ~j.
5. The finite element solver gives a good approximation of the torque in
the body coordinate system and can be calculated from Eqn. (2.26).
The component (Γx,Γy,Γz) of the torque ~Γ have the same expression
as the previous case and are defined in Eqns (2.27),(2.28) and (2.29),
respectively. Only the coefficients on those equations differentiate this
case with the previous one.
The coefficients of Γx, defined in Eqn. (2.27), for the monocoque are
listed in Table (2.5).
The coefficients of Γy, defined in Eqn. (2.28), for the monocoque are
listed in Table (2.6).
The coefficients of Γz, defined in Eqn. (2.29), for the monocoque are
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Table 2.5: Coefficient of the torque along the x axis in the case of a generalized
rotation for a monocoque shell
Coefficient Value
Axx1 −1.27× 10−4
Axx2 −2.73× 10−5
Axx3 −6.11× 10−5
Axy1 5.45× 10−5
Axy2 3.66× 10−5
Axy3 7.49× 10−6
Axz1 −3.66× 10−12
Axz2 −3.36× 10−11
Axz3 3.49× 10−7
Table 2.6: Coefficient of the torque along the y axis in the case of a generalized
rotation for a monocoque shell
Coefficient Value
Ayx1 6.58× 10−5
Ayx2 3.94× 10−5
Ayx3 7.49× 10−6
Ayy1 −4.60× 10−5
Ayy2 −1.03× 10−4
Ayy3 −6.11× 10−5
Ayz1 −3.99× 10−12
Ayz2 −1.58× 10−11
Ayz3 6.21× 10−9
listed in Table (2.7).
6. Once the torque induced in the body is obtained, the attitude dynam-
ics equation (1.21) can be used to define the motion of the body.
First, the moment of inertia matrix has to be calculated from Alu-
minum characteristics defined in Table (2.1). In this case, the inertia
matrix I¯ is not diagonal and is equal to
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Table 2.7: Coefficient of the torque along the z axis in the case of a generalized
rotation for a monocoque shell
Coefficient Value
Azx1 9.07× 10−7
Azx2 −5.21× 10−7
Azx3 2.27× 10−12
Azy1 −5.85× 10−7
Azy2 8.19× 10−7
Azy3 −1.40× 10−12
Azz1 −3.31× 10−5
Azz2 −3.31× 10−5
Azz3 −2.94× 10−4
I¯ =

Ixx Ixy 0
Ixy Iyy 0
0 0 Izz
 =

0.654 0.189 0
0.189 0.654 0
0 0 0.411
 . (2.33)
The inverse of the moment of inertia matrix I¯ is
I¯−1 =

I
′
xx I
′
xy 0
I
′
xy I
′
yy 0
0 0 Izz
 =

1.6684 −0.4821 0
−0.4821 1.6684 0
0 0 2.4331
 . (2.34)
Consequently, Eqn. (1.22) can be written
~˙ω =
¯
I−1~Γ
=

I
′
xxΓx + I
′
xyΓy
I
′
xyΓx + I
′
yyΓy
I
′
xzΓy

, (2.35)
where Γx, Γy and Γz are defined in Eqns (2.27 - 2.29) with the coeffi-
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cients of Tables (2.5 - 2.7).
System of partial differential equations (2.35) can be solved with Matlab.
Matlab simulates the generalized rotation of the debris around all three axes.
The initial angular rate and the orientation of the magnetic field with respect
to the inertial frame are the same as in the previous cases, ω0 = 50
√
3 and
λ = ψ = 45◦.
Figure 2.28 shows the configuration of the initial angular rate ~ω0 and the
magnetic field vector.
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Figure 2.28: Initial configuration of a generalized rotation around x, y and z
for a monocoque shell
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Figure 2.29 shows the angular rate of the debris over time. The result demon-
strated that the angular rate is decreasing exponentially. An interesting re-
sult can be noticed in this case: the rotational rate ωx is now decreasing
exponentially as well. Indeed, The eddy currents is no more constrained in
only one plan, the currents are expressed in three dimensions due to the curve
of this new shape. It is implied that a larger amount of eddy currents are
created along the x axes and thus a torque opposite to the angular rate ωx
is slowing down the debris.
Note the damping time constant values:
Tdampingx = 7.2743 days, Tdampingy = 9.2419 days and Tdampingz = 1.4873 days.
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Figure 2.29: Behavior of a generalized rotation around x, y and z for a
monocoque shell with an inclination λ equal to 45◦ and a longitude ψ equal
to 45◦
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Another interesting result is the time of stabilization compare to the initial
rate. As stated earlier, it is considered that the debris is stable when its
angular rate is less than 0.1 rad/s. This condition is true for all results.
Figure 2.30 shows such a result. As expected, the time of stabilization is
longer as the initial angular rate is increasing. It can be noticed that the
time of stabilization of ωx and ωy is very close whereas the time of stabiliza-
tion of ωz is much smaller. This phenomenon is due to the geometry of the
monocoque shell. Indeed, the moment of inertia along x and y is equal. Only
the position of ~B relative to x and y is different. Consequently, the difference
of the time of stabilization of ωx and ωy is very small for any initial angular
rate.
As it has been done before, the influence of the relative position of the mag-
netic field vector ~B is analyzed. Figure 2.31 shows the influence of the lon-
gitude ψ while Figure 2.32 shows the influence of the inclination λ.
These two figures underline the fact that both inclination λ and longitude
ψ has a minor influence on the time of stabilization of the monocoque shell
debris. Time of stabilization varies less than 10% depending on λ and ψ.
This difference with the first shape can be explained by the fact that the
eddy currents are not only constrained in one plane but in three dimensions.
In other words, because the eddy currents are spread in all three directions,
no matter how the debris moves, there is approximately the same amount of
eddy currents created. Consequently, the inclination and the longitude of the
magnetic field vector have just a minor influence on the time of stabilization
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Figure 2.30: Time of stabilization of a monocoque shell relative to the initial
angular rate in the case of a generalized rotation around x,y and z with with
an inclination λ equal to 45◦ and a longitude ψ equal to 45◦
in the case of a monocoque shell.
2.3 Half Conical Shell
The new shape analyzed in this section is an half conical shell as shown in
Figure 2.33. The thickness t is equal to 2 mm and the height h is equal to 1
m. The ratio between the radius at the top and the radius at the bottom is
equal to 10. Their values have been calculated in the way that the volume
of the half conical shell is equal to the volume of the last two shapes. In
order to see all the surface, the thickness of the shape on Figure 2.33 has
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Figure 2.31: Time of stabilization of a monocoque shell relative to the angle
ψ in the case of a generalized rotation around x, y and z with an inclination
λ equal to 60◦
been increased. Numbers shown on the figure let specify each surface for
Neumann boundary conditions.
In this case, the object is considered rotating around all three axes simulta-
neously. The raw pitch yaw convention is used in the body frame (xˆ, yˆ, zˆ).
In this section, the velocity of any point M of the object is equal to the ve-
locity defined in Eqn. (2.21) and the magnetic field has the same expression
as the previous case (2.23).
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Figure 2.32: Time of stabilization of a monocoque shell relative to angle λ
in the case of a generalized rotation around x, y and z with a longitude ψ
equal to 45◦
1. Total density current ~j equation.
In the similar way to the thin plate and the monocoque shell, total
density current can be obtained from Eqn. (1.11) and is defined in the
Eqn. (2.24)
2. Poisson problem with Neumann boundary conditions for the half con-
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Figure 2.33: Configuration of a generalized rotation around x, y and z for an
half conical shell
ical shell is
δV (M) = 2ωxBx + 2ωyBy + 2ωzBz
∂V (P )
∂n
∣∣∣∣
1
= −[(ωxy − ωyx)Bx − (ωyz − ωzy)Bz]
∂V (P )
∂n
∣∣∣∣
2
= −[x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωxy − ωyx)Bx − (ωyz − ωzy)Bz]
+ z[(ωyz − ωzy)By − (ωzx− ωxz)Bx]]
∂V (P )
∂n
∣∣∣∣
3
=x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωxy − ωyx)Bx − (ωyz − ωzy)Bz]
+ z[(ωyz − ωzy)By − (ωzx− ωxz)Bx]
∂V (P )
∂n
∣∣∣∣
4
= −[(ωyz − ωzy)By − (ωzx− ωxz)Bx)]
∂V (P )
∂n
∣∣∣∣
5
= (ωyz − ωzy)By − (ωzx− ωxz)Bx
(2.36)
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Figure 2.34: Configuration of a generalized rotation around x, y and z for an
half conical shell
3. Solve Poisson problem
Similarly to the previous cases, Poisson problem cannot be solved ana-
lytically and a finite element solver has to be used. The solver cannot
deal with variables, thus all parameters of the electrical potential must
be separated. In the same way as the generalized rotation in the pre-
vious cases, there are 13 different variables for each rotation. It means
that there are 39 coefficient that define each component of the torque.
These values are reported in Tables( 2.8 - 2.10).
4. Use the finite element solver and the generalized Ohm’s law equa-
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tion (1.11) to evaluate the total density current ~j
5. The finite element solver gives a good approximation of the torque in
the body coordinate system and can be calculated from Eqn. (2.26).
The component (Γx,Γy,Γz) of the torque ~Γ have the same expression
as the previous cases and are defined in Eqns (2.27),(2.28) and (2.29),
respectively. Only the coefficients on those equations differentiate this
case with the previous ones.
The coefficients of Γx, defined in Eqn. (2.27), for the half conical shell
are listed in Table (2.8).
Table 2.8: Coefficient of the torque along the x axis in the case of a simulta-
neous rotation for an half conical shell
Coefficient Value
Axx1 −3.39× 10−4
Axx2 −1.52× 10−4
Axx3 −3.51× 10−4
Axy1 1.12× 10−8
Axy2 1.02× 10−7
Axy3 −4.24× 10−8
Axz1 4.36× 10−8
Axz2 9.55× 10−5
Axz3 3.32× 10−8
The coefficients of Γy, defined in Eqn. (2.28), for the half conical shell
are listed in Table (2.9).
The coefficients of Γz, defined in Eqn. (2.29), for the half conical shell
are listed in Table (2.10).
78
Half Conical Shell
Table 2.9: Coefficient of the torque along the y axis in the case of a generalized
rotation for an half conical shell
Coefficient Value
Ayx1 8.86× 10−8
Ayx2 3.76× 10−9
Ayx3 −1.35× 10−8
Ayy1 −1.50× 10−4
Ayy2 −3.38× 10−4
Ayy3 −3.46× 10−4
Ayz1 1.41× 10−5
Ayz2 −1.52× 10−4
Ayz3 9.49× 10−5
Table 2.10: Coefficient of the torque along the z axis in the case of a gener-
alized rotation for an half conical shell
Coefficient Value
Azx1 8.54× 10−8
Azx2 −4.37× 10−9
Azx3 1.02× 10−8
Azy1 1.54× 10−5
Azy2 −8.62× 10−9
Azy3 9.43× 10−5
Azz1 −1.52× 10−4
Azz2 −1.69× 10−4
Azz3 −2.00× 10−4
6. Once the torque induced in the body is obtained, the attitude dynam-
ics equation (1.21) can be used to define the motion of the body.
First, the moment of inertia matrix has to be calculated from Alu-
minum characteristics defined in Table (2.1). In the half conical shell
case, the inertia matrix I¯ is not diagonal and is equal to
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I¯ =

Ixx 0 0
0 Iyy Iyz
0 Iyz Izz
 =

0.535 0 0
0 0.91 0.131
0 0.131 0.657
 . (2.37)
The inverse of the moment of inertia matrix I¯ is
I¯−1 =

I
′
xx 0 0
0 I
′
yy I
′
yz
0 I
′
zy Izz
 =

1.8692 0 0
0 1.1314 −0.2256
0 −0.2256 1.5670
 (2.38)
Consequently, Eqn. (1.22) can be written
~˙ω =
¯
I−1~Γ
=

I
′
xxΓx
I
′
yyΓy + I
′
yzΓz
I
′
zyΓy + I
′
zzΓz
 ,
(2.39)
where Γx, Γy and Γz are defined in Eqns (2.27 - 2.29) with the coeffi-
cients of Tables (2.8 - 2.10).
System of partial differential equations (2.39) can be solved with Matlab.
Matlab simulates the generalized rotation of the debris around all three axes.
The initial angular rate and the orientation of the magnetic field with respect
to the inertial frame are the same as in the previous cases, ω0 = 50
√
3 and
λ = ψ = 45◦.
Figure 2.35 shows the configuration of the initial angular rate ~ω0 and the
80
Half Conical Shell
magnetic field vector. The magnitude of the initial angular rate is equal to
| ~ω0|=
√
502 + 502 + 502 = 50
√
3.
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Figure 2.35: Initial configuration of a generalized rotation around x, y and z
for an half conical shell
Figure 2.36 shows the angular rate of the half conical shell over time. The
result shows that the angular rate is decreasing exponentially. Like the mono-
coque shell, all three rotational rates are decreasing exponentially. However
in this new case, it can be noted that the time of stabilization of the half con-
ical shell is a lot shorter. Indeed, the time of stabilization has been reduced
of about 10 times compare to the thin plate and about 5 times compare to
the monocoque shell if an initial angular rate of 50 rad/s is considered. Re-
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minding that the surface area and the volume of all cases are equal, it can
be concluded that the volume is not the reason of such different. The phe-
nomenon of curvature on the conical shell is what caused this difference on
the steady time. The half conical shell has a curvature of 180◦ whereas the
monocoque shell has a curvature of 90◦. Thus, the larger is the curvature,
the steady time is shorter. It can be noticed as well that ωz in the case of the
half conical shell is close to ωz in the case of the monocoque shell. Indeed,
the ratio between the top radius and the bottom radius of the conical shell
is equal to 10. Thus, it can be considered that the radar cross section along
z for both geometries is about the same, thus both ωz are close. At the
opposite, ωx and ωy are very different in the two cases. This result comes
from the different curvature of both shapes and thus a different radar cross
section along x and y.
Note the damping time constant values:
Tdampingx = 0.9780 days, Tdampingy = 1.3773 days and Tdampingz = 2.2685 days.
Another interesting result is the time of stabilization compare to the initial
rate. As stated earlier, it is considered that the debris is stable when its
angular rate is less than 0.1 rad/s. This condition is true for all results.
Figure 2.37 portrays such a result. As expected, the time of stabilization is
longer as the initial angular rate is increasing. It can be noted that the dif-
ference of stabilization time for all three angular rates is due to the shape of
the new debris. Indeed, the moment of inertia along all three axes is different.
As it has been done previously, the influence of the position of the magnetic
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Figure 2.36: Behavior of a generalized rotation around x, y and z for an half
conical shell with an inclination λ equal to 45◦ and a longitude ψ equal to
45◦
field vector ~B is analyzed. Figure 2.38 shows the influence of longitude ψ
while Figure 2.39 shows the influence of inclination λ.
These two figures underline the fact that both inclination λ and longitude ψ
don’t affect the time of stabilization of the half conical shell debris. Indeed,
the eddy currents are now spread in an object having an angle of curvature
equal to 180◦. This new shape increases the magnitude of the eddy currents
in all three directions. Consequently, no matter how the debris is rotating,
the configuration of the magnetic field vector has a negligible influence on
the time of stabilization.
83
Spherical Shell
0 10 20 30 40 50
0
2
4
6
8
10
12
 Steady time (days) vs initial angular rate (rad/s)
Initial angular rate (rad/s)
St
ea
dy
 ti
m
e 
(s)
 
 
W
x
Wy
W
z
Figure 2.37: Time of stabilization of an half conical shell relative to the initial
angular rate in the case of a generalized rotation around x,y and z with with
an inclination λ equal to 45◦ and a longitude ψ equal to 45◦
2.4 Spherical Shell
The last shape analyzed in this paper is a spherical shell. It has been no-
ticed from the analysis of the monocoque shell and the half conical shell that
the curvature of the geometry has a great influence on the time of stabi-
lization. In order to confirm this result, two geometries are analyzed for the
spherical shell: an one fourth spherical shell and an one eighth spherical shell.
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Figure 2.38: Time of stabilization of an half conical shell relative to angle ψ
in the case of a generalized rotation around x, y and z with an inclination λ
equal to 45◦
2.4.1 One Fourth Spherical Shell
The one fourth spherical shell studied in this section is shown in Figure 2.40.
The thickness t is equal to 2 mm and the radius has been calculated in the
way that the volume of the one fourth spherical shell is equal to the volume
of the previous shapes. In order to see all the surface, the thickness of the
shape on Figure 2.40 has been increased. Numbers shown on the figure let
specify each surface for Neumann boundary conditions.
In this case, the object is considered rotating around all three axes simulta-
neously. The raw pitch yaw convention is used in the body frame (xˆ, yˆ, zˆ).
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Figure 2.39: Time of stabilization of an half conical shell relative to angle λ
in the case of a generalized rotation around x, y and z with a longitude ψ
equal to 45◦
In this section, the velocity of any point M of the object is equal to the ve-
locity defined in Eqn. (2.21) and the magnetic field has the same expression
as the previous case (2.23).
1. Total density current ~j equation.
In the similar way to the thin plate, the monocoque shell and the half
spherical shell, total density current can be obtained from Eqn. (1.11)
and is defined in the Eqn. (2.24)
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Figure 2.40: Configuration of a generalized rotation around x, y and z for an
one fourth spherical shell
2. Poisson problem with Neumann boundary conditions for the one fourth
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Figure 2.41: Configuration of a generalized rotation around x, y and z for an
one fourth spherical shell
spherical shell is

δV (M) = 2ωxBx + 2ωyBy + 2ωzBz
∂V (P )
∂n
∣∣∣∣
1
= −[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
∂V (P )
∂n
∣∣∣∣
2
= −[(ωyz − ωzy)By − (ωzx− ωxz)Bx)]
∂V (P )
∂n
∣∣∣∣
3
= −[x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωxy − ωyx)Bx − (ωyz − ωzy)Bz]
+ z[(ωyz − ωzy)By − (ωzx− ωxz)Bx]]
∂V (P )
∂n
∣∣∣∣
4
=x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωxy − ωyx)Bx − (ωyz − ωzy)Bz]
+ z[(ωyz − ωzy)By − (ωzx− ωxz)Bx]
(2.40)
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3. Solve Poisson problem
Similarly to the previous cases, Poisson problem cannot be solved ana-
lytically and a finite element solver has to be used. The solver cannot
deal with variables, thus all parameters of the electrical potential must
be separated. In the same way as the generalized rotation in the pre-
vious cases, there are 13 different variables for each rotation. It means
that there are 39 coefficient that define each component of the torque.
These values are reported in Tables( (2.11) - 2.13).
4. Use the finite element solver and the generalized Ohm’s law equa-
tion (1.11) to evaluate the total density current ~j
5. The finite element solver gives a good approximation of the torque in
the body coordinate system and can be calculated from Eqn. (2.26).
The components (Γx,Γy,Γz) of the torque ~Γ have the same expression
as the previous cases and are defined in Eqns (2.27),(2.28) and (2.29),
respectively. Only the coefficients on those equations differentiate this
case with the previous ones.
The coefficients of Γx, defined in Eqn. (2.27), for the one fourth spher-
ical shell are listed in Table (2.11).
The coefficients of Γy, defined in Eqn. (2.28), for the one fourth spher-
ical shell are listed in Table (2.12).
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Table 2.11: Coefficient of the torque along the x axis in the case of a simul-
taneous rotation for a one fourth spherical shell
Coefficient Value
Axx1 −1.37× 10−4
Axx2 −4.10× 10−5
Axx3 −3.13× 10−5
Axy1 −4.24× 10−10
Axy2 1.35× 10−5
Axy3 −1.88× 10−12
Axz1 3.51× 10−5
Axz2 2.49× 10−5
Axz3 3.47× 10−5
Table 2.12: Coefficient of the torque along the y axis in the case of a gener-
alized rotation for a one fourth spherical shell
Coefficient Value
Ayx1 −3.61× 10−6
Ayx2 7.72× 10−10
Ayx3 −1.35× 10−6
Ayy1 −8.05× 10−5
Ayy2 −1.08× 10−4
Ayy3 −8.05× 10−5
Ayz1 3.62× 10−6
Ayz2 8.62× 10−11
Ayz3 7.62× 10−6
The coefficients of Γz, defined in Eqn. (2.29), for the one fourth spher-
ical shell are listed in Table (2.13).
6. Once the torque induced in the body is obtained, the attitude dynam-
ics equation (1.21) can be used to define the motion of the body.
First, the moment of inertia matrix has to be calculated from Alu-
minum characteristics defined in Table (2.1). In the one fourth spheri-
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Table 2.13: Coefficient of the torque along the z axis in the case of a gener-
alized rotation for a one fourth spherical shell
Coefficient Value
Azx1 −9.08× 10−5
Azx2 2.49× 10−5
Azx3 5.26× 10−5
Azy1 −2.03× 10−10
Azy2 5.30× 10−5
Azy3 3.36× 10−11
Azz1 9.25× 10−6
Azz2 −4.10× 10−5
Azz3 −2.35× 10−4
cal shell case, the inertia matrix I¯ is not diagonal and is equal to
I¯ =

Ixx 0 Ixz
0 Iyy 0
Iyz 0 Izz
 =

0.716 0 0.065
0 0.286 0
0.065 0 0.716
 . (2.41)
The inverse of the moment of inertia matrix I¯ is
I¯−1 =

I
′
xx 0 I
′
xz
0 I
′
yy 0
I
′
xz 0 Izz
 =

1.4082 0 −0.1278
0 1.4083 0
−0.1278 0 1.4082
 (2.42)
Consequently, Eqn. (1.22) can be written as
~˙ω =
¯
I−1~Γ
=

I
′
xxΓx + I
′
xzΓz
I
′
yyΓy
I
′
xzΓx + I
′
zzΓz
 ,
(2.43)
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where Γx, Γy and Γz are defined in Eqns (2.27 - 2.29) with the coeffi-
cients of Tables (2.11 - 2.13).
System of partial differential equations (2.39) can be solved with Matlab.
Matlab simulates the generalized rotation of the debris around all three axes.
The initial angular rate and the orientation of the magnetic field with respect
to the inertial frame are the same as in the previous cases, ω0 = 50
√
3 and
λ = ψ = 45◦.
Figure 2.42 shows the configuration of the initial angular rate ~ω0 and the
magnetic field vector.
Figure 2.43 shows the angular rate of the one fourth spherical shell over
time. The result shows that the angular rate is decreasing exponentially.
Like the last three shapes, all three rotational rates are decreasing exponen-
tially. Moreover, it can be noted that the time of stabilization of this case is
quite similar as the half conical shell. This result can be justified by the fact
that both conical and spherical shells have a curvature equal to 180◦.
Note the damping time constant values:
Tdampingx = 5.6 days, Tdampingy = 1.4 days and Tdampingz = 3.7 days.
Another interesting result is the time of stabilization compare to the initial
rate.
Figure 2.44 portrays such a result. As expected, the time of stabilization
is longer as the initial angular rate is increasing. It can be noted that the
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Figure 2.42: Initial configuration of a generalized rotation around x, y and z
for an one fourth spherical shell
difference of stabilization time for all three angular rates is due to the shape
of the new debris respecting the moment of inertia along all three axes is
different.
As it has been done previously, the influence of the position of the magnetic
field vector ~B is analyzed. Figure 2.45 shows the influence of longitude ψ
while Figure 2.46 shows the influence of inclination λ.
These two figures underline the fact that both inclination λ and longitude ψ
don’t affect the time of stabilization of the one fourth spherical shell debris.
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Figure 2.43: Behavior of a generalized rotation around x, y and z for an one
fourth spherical shell with an inclination λ equal to 45◦ and a longitude ψ
equal to 45◦
Indeed, as the half conical shell case, the eddy currents are now spread in an
object having an angle of curvature equal to 180◦. This new shape increases
the magnitude of the eddy currents in all three directions. Consequently,
no matter how the debris is rotating, the configuration of the magnetic field
vector has a negligible influence on the time of stabilization in the case an
one fourth spherical shell.
94
Spherical Shell
0 10 20 30 40 50
0
5
10
15
20
25
30
Initial angular rate (rad/s)
St
ea
dy
 ti
m
e 
(s)
 
 
W
x
Wy
W
z
Figure 2.44: Time of stabilization of an one fourth spherical shell relative to
the initial angular rate in the case of a generalized rotation around x,y and
z with with an inclination λ equal to 45◦ and a longitude ψ equal to 45◦
2.4.2 One Eighth Spherical Shell
The one eighth spherical shell studied in this section is shown in Figure 2.47.
The thickness t is equal to 2 mm and the radius has been calculated in the
way that the volume of the one eight spherical shell is equal to the volume
of the previous shapes. In order to see all the surface, the thickness of the
shape on Figure 2.47 has been increased. Numbers shown on the figure let
specify each surface for Neumann boundary conditions.
In this case, the object is considered rotating around all three axes simulta-
neously. The raw pitch yaw convention is used in the body frame (xˆ, yˆ, zˆ).
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Figure 2.45: Time of stabilization of an one fourth spherical shell relative
to angle ψ in the case of a generalized rotation around x, y and z with an
inclination λ equal to 45◦
In this section, the velocity of any point M of the object is equal to the ve-
locity defined in Eqn. (2.21) and the magnetic field has the same expression
as the previous case (2.23).
1. Total density current ~j equation.
In the similar way to the previous geometries, total density current can
be obtained from Eqn. (1.11) and is defined in the Eqn. (2.24)
2. Poisson problem with Neumann boundary conditions for the one eighth
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Figure 2.46: Time of stabilization of an one fourth spherical shell relative
to angle λ in the case of a generalized rotation around x, y and z with a
longitude ψ equal to 45◦
spherical shell is

δV (M) = 2ωxBx + 2ωyBy + 2ωzBz
∂V (P )
∂n
∣∣∣∣
1
= −((ωxy − ωyx)Bx − (ωyz − ωzy)Bz)
∂V (P )
∂n
∣∣∣∣
2
= −((ωzx− ωxz)Bz − (ωxy − ωyx)By)
∂V (P )
∂n
∣∣∣∣
3
= −((ωyz − ωzy)By − (ωzx− ωxz)Bx)
∂V (P )
∂n
∣∣∣∣
4
= −[x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωxy − ωyx)Bx − (ωyz − ωzy)Bz]
+ z[(ωyz − ωzy)By − (ωzx− ωxz)Bx]]
∂V (P )
∂n
∣∣∣∣
5
=x[(ωzx− ωxz)Bz − (ωxy − ωyx)By]
+ y[(ωxy − ωyx)Bx − (ωyz − ωzy)Bz]
+ z[(ωyz − ωzy)By − (ωzx− ωxz)Bx]
(2.44)
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Figure 2.47: Configuration of a generalized rotation around x, y and z for an
one eighth spherical shell
3. Solve Poisson problem
Similarly to the previous cases, Poisson problem cannot be solved ana-
lytically and a finite element solver has to be used. The solver cannot
deal with variables, thus all parameters of the electrical potential must
be separated. In the same way as the generalized rotation in the pre-
vious cases, there are 13 different variables for each rotation. It means
that there are 39 coefficient that define each component of the torque.
These values are reported in Tables( (2.14) - 2.16).
4. Use the finite element solver and the generalized Ohm’s law equa-
98
Spherical Shell
y 
x 
z  
  
𝛚𝐳 
𝐁 
x’ 
y’ 
  
λ 
ψ 
z’ 
  
𝛚𝐱 
𝛚𝐲 
. M 
Figure 2.48: Configuration of a generalized rotation around x, y and z for an
one eighth spherical shell
tion (1.11) to evaluate the total density current ~j
5. The finite element solver gives a good approximation of the torque in
the body coordinate system and can be calculated from Eqn. (2.26).
The component (Γx,Γy,Γz) of the torque ~Γ have the same expression
as the previous cases and are defined in Eqns (2.27),(2.28) and (2.29),
respectively. Only the coefficients on those equations differentiate this
case with the previous ones.
The coefficients of Γx, defined in Eqn. (2.27), for the one eighth spher-
ical shell are listed in Table (2.14).
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Table 2.14: Coefficient of the torque along the x axis in the case of a simul-
taneous rotation for a one eighth spherical shell
Coefficient Value
Axx1 −1.06× 10−4
Axx2 −4.25× 10−5
Axx3 −4.47× 10−5
Axy1 2.80× 10−5
Axy2 4.17× 10−5
Axy3 −1.92× 10−6
Axz1 2.83× 10−5
Axz2 5.40× 10−7
Axz3 4.92× 10−5
The coefficients of Γy, defined in Eqn. (2.28), for the one eighth spher-
ical shell are listed in Table (2.15).
Table 2.15: Coefficient of the torque along the y axis in the case of a gener-
alized rotation for a one eighth spherical shell
Coefficient Value
Ayx1 3.59× 10−5
Ayx2 2.95× 10−5
Ayx3 −2.03× 10−7
Ayy1 −4.07× 10−5
Ayy2 −1.10× 10−4
Ayy3 −4.31× 10−5
Ayz1 2.19× 10−6
Ayz2 2.95× 10−5
Ayz3 4.41× 10−5
The coefficients of Γz, defined in Eqn. (2.29), for the one eighth spher-
ical shell are listed in Table (2.16).
6. Once the torque induced in the body is obtained, the attitude dynam-
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Table 2.16: Coefficient of the torque along the z axis in the case of a gener-
alized rotation for a one eighth spherical shell
Coefficient Value
Azx1 −1.23× 10−5
Azx2 1.79× 10−5
Azx3 4.57× 10−5
Azy1 1.78× 10−5
Azy2 −1.28× 10−5
Azy3 4.58× 10−5
Azz1 −2.52× 10−5
Azz2 −2.52× 10−5
Azz3 −1.62× 10−4
ics equation (1.21) can be used to define the motion of the body.
First, the moment of inertia matrix has to be calculated from Alu-
minum characteristics defined in Table (2.1). In the one eighth spheri-
cal shell case, the inertia matrix I¯ is not diagonal and is equal to
I¯ =

Ixx Ixy Ixz
Ixy Iyy Iyz
Ixz Iyz Izz
 =

0.573 0.130 0.130
0.130 0.573 0.130
0.130 0.130 0.573
 . (2.45)
The inverse of the moment of inertia matrix I¯ is
I¯−1 =

I
′
xx I
′
xy I
′
xz
I
′
xy I
′
yy I
′
yz
I
′
xz I
′
yz Izz
 =

1.9051 −0.3523 −0.3523
−0.3523 1.9051 −0.3523
−0.3523 −0.3523 1.9051
 (2.46)
Consequently, Eqn. (1.22) can be written
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~˙ω =
¯
I−1~Γ
=

I
′
xxΓx + I
′
xyΓy + I
′
xzΓz
I
′
xyΓx + I
′
yyΓy + I
′
yzΓz
I
′
xzΓx + I
′
yzΓy + I
′
zzΓz
 ,
(2.47)
where Γx, Γy and Γz are defined in Eqns (2.27 - 2.29) with the coeffi-
cients of Tables (2.14 - 2.16).
System of partial differential equations (2.47) can be solved with Matlab.
Matlab simulates the generalized rotation of the debris around all three axes.
The initial angular rate and the orientation of the magnetic field with respect
to the inertial frame are the same as in the previous cases, ω0 = 50
√
3 and
λ = ψ = 45◦.
Figure 2.49 shows the configuration of the initial angular rate ~ω0 and the
magnetic field vector.
Figure 2.50 shows the angular rate of the one eighth spherical shell over time.
The result shows that all three angular rates are decreasing exponentially.
However in this new case, it can be noted that the time of stabilization for
this case is much longer than the time of stabilization of an one fourth spher-
ical shell case. Indeed, the steady time has been increased by more than 3
times. This result underlines the phenomenon of curvature: The one eighth
spherical shell has a curvature of 90◦ with a time of stabilization of about
90 days whereas the one fourth spherical shell has a curvature of 180◦ with
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Figure 2.49: Initial configuration of a generalized rotation around x, y and z
for an one eighth spherical shell
a time of stabilization of about 30 days. In a similar way to the monocoque
shell and the half conical shell, this result concludes that the larger is the
curvature, the steady time is shorter.
Note the damping time constant values:
Tdampingx = 15.6 days, Tdampingy = 15.5 days and Tdampingz = 11.8 days.
Another interesting result is the time of stabilization compare to the initial
rate.
Figure 2.51 portrays such a result. As expected, the steady time is longer as
the initial angular rate is increasing. It can be noted that the stabilization
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Figure 2.50: Behavior of a generalized rotation around x, y and z for an one
eighth spherical shell with an inclination λ equal to 45◦ and a longitude ψ
equal to 45◦
time for all three angular rates is similar. Indeed, the configuration of the
new geometry gives the same moment of inertia along all three axis.
As it has been done previously, the influence of the position of the magnetic
field vector ~B is analyzed. Figure 2.52 shows the influence of longitude ψ
while Figure 2.53 shows the influence of inclination λ.
These two figures underline the fact that both inclination λ and longitude
ψ have a minor influence on the time of stabilization. In this case, steady
times varies less than 3%. Because the eddy currents are spread in an object
having an angle of curvature equal to 90◦, the configuration of the magnetic
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Figure 2.51: Time of stabilization of an one eighth spherical shell relative to
the initial angular rate in the case of a generalized rotation around x,y and
z with with an inclination λ equal to 45◦ and a longitude ψ equal to 45◦
field vector has a minor influence on the time of stabilization in the case an
one eighth spherical shell.
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Figure 2.52: Time of stabilization of an one eighth spherical shell relative
to angle ψ in the case of a generalized rotation around x, y and z with an
inclination λ equal to 45◦
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Figure 2.53: Time of stabilization of an one eighth spherical shell relative
to angle λ in the case of a generalized rotation around x, y and z with a
longitude ψ equal to 45◦
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This thesis provides an analysis of the evolution of the angular rate of a
typical space debris in Low Earth Orbit.
It has been shown that the time of stabilization of a typical space debris is
in a range of days and depends on the initial angular rate, the position of
the magnetic field vector ~B and their shape. Time of stabilization increases
consequently as the initial angular rate augments. Concerning the shape of
the debris, the curvature of the debris has a significant influence on the steady
time: the larger is the curvature, the steady time is shorter. Finally, the
position of the magnetic field vector ~B mainly affects the time of stabilization
of the body if the eddy currents are only constrained in one plane like the
thin plate. In the other cases, the influence of the position of the magnetic
field is negligible and the assumption of a constant magnetic field is coherent.
This study demonstrates that for a reasonable initial angular rate, a space
debris is partially stabilized in less than 70 days for the thin plate and totally
stabilized in less than 60 days for the monocoque shell, 12 days for the half
conical shell, 30 days for the one fourth spherical shell and 90 days for the
one eighth spherical shell.
This research has focused on debris having a radar cross section between
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0.5 m2 and 1 m2 in Low Earth Orbit. Tracking system Space-track [6] has
recorded that these debris have been in space for years and, base on this
study, it can be concluded that these objects are stable in their respective
orbit. Consequently, removal missions are possible to capture space debris
and thus reduce critical collisions around the Earth.
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Appendix A
Fine Element Solver
A.1 Meshing
A.1.1 Thin Plate
1 load ”medit”
2 load ”msh3”
3 r e a l x0 =0.001;
4 r e a l x1=−0.001;
5 r e a l y0 =0.5 ;
6 r e a l y1=−0.5;
7 r e a l nnx=20;
8 r e a l nny=20;
9 mesh Th2=square (nnx , nny , [ x0+(x1−x0 )∗x , y0+(y1−y0 )∗y ] ) ;
10 r e a l zmin=−0.5,zmax=0.5;
11 i n t n l aye r s =20;
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12 i n t [ i n t ] rup =[0 ,6 ] , rdown = [ 0 , 5 ] ;
13 i n t [ i n t ] rmid = [ 1 , 4 , 2 , 1 , 3 , 3 , 4 , 2 ] ;
14 mesh3 Th=b u i l d l a y e r s (Th2 , n layer s , zbound=[zmin , zmax ] ,
15 l abe lup=rup , labeldown=rdown , labe lmid=rmid ) ;
16 // f e spac e Vh(Th, P13d ) ;
17 f e spac e Vh(Th, P23d) ;
18 Vh u , v ;
19 medit ( ”Th” , Th) ;
20 //To see and save the mesh
21 savemesh (Th, ”mymesh . mesh” ) ;
22 p lo t (Th) ;
A.1.2 Monocoque Shell
1 // curve p l a t e
2 load ”msh3”
3 load ”medit”
4 // curve p l a t e having the same s u r f a c e are and mass as
the th in p l a t e
5 r e a l L = 1 ; // l enght o f the prev ious th in p l a t e
6 r e a l t h i c k n e s s = 0 . 0 0 2 ; // 0 .002m = 2mm
7 r e a l r ad iu s = 2∗L/ pi ;
8 r e a l x0= radius−t h i c k n e s s /2 ;
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9 r e a l x1 = x0 + t h i c k n e s s ;
10 r e a l y0 = x0 ;
11 r e a l y1 = x1 ;
12 border three ( t =0, t h i c k n e s s ){x=t+x0 ; y=0; l a b e l =3;} ;
13 border extern ( t =0, p i /2) {x=x1∗ cos ( t ) ; y=x1∗ s i n ( t ) ; l a b e l
=4;} ;
14 border four ( t =0, t h i c k n e s s ){x=0;y=y1−t ; l a b e l =1;} ;
15 border i n t e r n ( t =0, p i /2) {x=x0∗ s i n ( t ) ; y=y0∗ cos ( t ) ;
l a b e l =2;} ;
16 i n t thicknn =8;
17 i n t other=5∗thicknn ;
18 mesh Th2=buildmesh ( three ( thicknn ) + extern ( other )+
four ( thicknn ) + i n t e r n ( other ) ) ;
19 p lo t (Th2 , wait=1) ;
20 r e a l zmin=−0.5,zmax=0.5;
21 i n t n l aye r s=other ;
22 i n t [ i n t ] rup =[0 ,6 ] , rdown = [ 0 , 5 ] ;
23 i n t [ i n t ] rmid = [ 1 , 4 , 2 , 1 , 3 , 3 , 4 , 2 ] ;
24 mesh3 Th=b u i l d l a y e r s (Th2 , n layer s , zbound=[zmin , zmax ] ,
25 l abe lup=rup , labeldown=rdown , labe lmid=rmid ) ;
26 // f e spac e Vh(Th, P13d ) ;
27 f e spac e Vh(Th, P23d) ;
28 Vh u , v ;
29 medit ( ”Th” , Th) ;
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30 //To see and save the mesh
31 savemesh (Th, ”mymesh . mesh” ) ;
32 p lo t (Th) ;
A.1.3 Half Conical Shell
1 // example to bu i ld a mesh a cone
2 load ”msh3”
3 load ”medit”
4 // cone us ing b u i l d l a y e r s with a t r i a n g l e
5 r e a l t h i c k n e s s = 0 . 0 0 2 ;
6 r e a l RR=58.0563/1000; // smal l diameter
7 r e a l RRb= RR−t h i c k n e s s ;
8 r e a l HH=1; // h ight
9 r e a l DD=RR∗10 ; // big diameter r a t i o 1/10
10 r e a l DDb=DD−t h i c k n e s s ;
11 border Taxe ( t =0 ,1){x=HH∗ t ; y=DDb−(DDb−RRb) /HH∗ t ; l a b e l
=0;} ; // inte rn , l a b e l f o r s i d e f a c e s
12 border Hypo( t =1 ,0){x=HH∗ t ; y=(RR−DD)∗ t+DD; l a b e l =1;} ; //
extern , l a b e l f o r extern f a c e
13 border Vert ( t=RRb,RR){x=HH; y=t ; l a b e l =2;} ; // smal l
r ad iu s
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14 border red ( t=DD,DDb){x=0;y=t ; l a b e l =3;} ; // big radius ,
l a b e l i s f o r down f a c e
15 i n t nn = 50 ;
16 mesh Th2=buildmesh ( Taxe (nn)+ Hypo(nn) + red (0 . 2∗ nn) +
Vert ( 0 . 2∗ nn) ) ;
17 p lo t (Th2 , wait=1) ;
A.1.4 Spherical Shell
1 load ”msh3”
2 load ”medit”
3 i n t L = 1 ;
4 r e a l t h i c k n e s s = 0 . 0 0 2 ; // 0 .002m = 2mm
5 r e a l r ad iu s = 0 .7988843519 ;
6 r e a l x0= rad iu s − t h i c k n e s s ;
7 r e a l x1 = x0 + t h i c k n e s s ;
8 r e a l y0 = x0 ;
9 r e a l y1 = x1 ;
10 border three ( t =0, t h i c k n e s s ){x=t+x0 ; y=0; l a b e l =4;} ;
11 border extern ( t =0, p i /2) {x=x1∗ cos ( t ) ; y=x1∗ s i n ( t ) ; l a b e l
=5;} ;
12 border four ( t =0, t h i c k n e s s ){x=0;y=y1−t ; l a b e l =2;} ;
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13 border i n t e r n ( t =0, p i /2) {x=x0∗ s i n ( t ) ; y=y0∗ cos ( t ) ;
l a b e l =3;} ;
14 i n t thicknn =8;
15 i n t other=5∗thicknn ;
16 mesh Th2=buildmesh ( three ( thicknn ) + extern ( other )+
four ( thicknn ) + i n t e r n ( other ) ) ;
17 p lo t (Th2 , wait=1) ;
18 i n t MaxLayersT=150;
19 func zminT = 0 ;
20 func zmaxT = pi /2 ;
21 func fx= y∗ cos ( z ) ; // / max( abs ( cos ( z ) ) , abs ( s i n ( z ) ) ) ;
22 func fy= y∗ s i n ( z ) ; // / max( abs ( cos ( z ) ) , abs ( s i n ( z ) ) ) ;
23 func f z= x ;
24 i n t [ i n t ] r1T =[0 ,0 ] , r2T = [ 2 , 2 , 3 , 3 , 4 , 4 ] ; //2nd i s i n t e r n
face , l a s t i s up f a c e
25 i n t [ i n t ] r4T = [ 0 , 1 ] ;
26 mesh3 Th=b u i l d l a y e r s (Th2 , c o e f= max( . 0 1 , y/max(x , 0 . 4 ) ) ,
MaxLayersT , zbound=[zminT , zmaxT ] , t r a n s f o =[ fx , fy , f z ] ,
r eg i on=r1T , labe lmid=r2T , l abe lup=r4T ) ;
27 // f e spac e Vh(Th, P13d ) ;
28 f e spac e Vh(Th, P23d) ;
29 Vh u , v ;
30 medit ( ”Th” , Th) ;
31 //To see and save the mesh
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32 savemesh (Th, ”mymesh . mesh” ) ;
33 p lo t (Th) ;
A.2 Solving Problem And Defining Torque
A.2.1 Single Rotation
1 macro Grad3 (u) [ dx (u) , dy (u) , dz (u) ] // EOM
2 // Parameters equal to 1 i f i t s the case , 0 i f not
3 i n t A1 = 0 ; // depending on s i n ( lambda )∗ cos ( p s i )
4 i n t A2 = 0 ; // depending on cos ( lambda )∗ cos ( omega∗ t )
5 i n t A3 = 0 ; // depending on s i n ( lambda )∗ s i n ( p s i )∗ cos (
omega∗ t )
6 i n t A4 = 0 ; // depending on s i n ( lambda )∗ s i n ( p s i )∗ s i n (
omega∗ t )
7 i n t A5 = 1 ; // depending on cos ( lambda )∗ s i n ( omega∗ t )
8 r e a l Bx = A1 ;
9 r e a l By = A3−A5 ;
10 r e a l Bz = A4+A2 ;
11 s o l v e Lap3d (u , v , s o l v e r=CG)=int3d (Th) ( Grad3 ( v )∗Grad3 (u) )
12 + int3d (Th) (2∗v∗A1)
13 − int2d (Th, 1 ) ( v∗( z∗Bz+y
∗By) )
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14 − int2d (Th, 2 ) (−v∗( z∗Bz+
y∗By) )
15 − int2d (Th, 3 ) (−v∗y∗Bx)
16 − int2d (Th, 4 ) ( v∗y∗Bx)
17 − int2d (Th, 5 ) (−v∗z∗Bx)
18 − int2d (Th, 6 ) ( v∗z∗Bx) ;
19 // d e f i n i t i o n o f torques
20 r e a l Tx=int3d (Th) ((−dx (u) −z∗Bz −y∗By) ∗(x∗Bx+y∗By+z∗Bz)
−Bx∗(x∗(−dx (u) −z∗Bz −y∗By)+y∗(−dy (u) +y∗Bx)+z∗(−dz (
u) + z∗Bx) ) ) ;
21 cout<<”\n”<<”The torque along x i s equal to omega ∗ Bˆ2
/ kappa ∗ ”<<Tx<<”\n”<<endl ;
22 r e a l Ty=int3d (Th) ((−dy (u) +y∗Bx) ∗(x∗Bx+y∗By+z∗Bz)−By∗(x
∗(−dx (u) −z∗Bz −y∗By)+y∗(−dy (u) +y∗Bx)+z∗(−dz (u) + z
∗Bx) ) ) ;
23 cout<<”\n”<<”The torque along y i s equal to omega ∗ Bˆ2
/ kappa ∗ ”<<Ty<<”\n”<<endl ;
24 r e a l Tz=int3d (Th) ((−dz (u) + z∗Bx) ∗(x∗Bx+y∗By+z∗Bz)−Bz∗(
x∗(−dx (u) −z∗Bz −y∗By)+y∗(−dy (u) +y∗Bx)+z∗(−dz (u) +
z∗Bx) ) ) ;
25 cout<<”\n”<<”The torque along z i s equal to omega ∗ Bˆ2
/ kappa ∗ ”<<Tz<<”\n”<<endl ;
26 p lo t (u , va lue = true , wait =1, nbiso =100) ;
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A.2.2 Generalized Rotation
1 macro Grad3 (u) [ dx (u) , dy (u) , dz (u) ] // EOM
2 // Parameters to switch between cases , 1 i f i t ’ s the
case , 0 i f not
3 i n t wx = 0 ;
4 i n t wy = 0 ;
5 i n t wz = 1 ;
6 i n t A1 = 0 ;
7 i n t A2 = 0 ;
8 i n t A3 = 0 ;
9 i n t A4 = 0 ;
10 i n t A5 = 0 ;
11 i n t A6 = 0 ;
12 i n t A7 = 0 ;
13 i n t A8 = 0 ;
14 i n t A9 = 0 ;
15 i n t A10 = 0 ;
16 i n t A11 = 1 ;
17 i n t A12 = 0 ;
18 i n t A13 = 0 ;
19 //B component
20 r e a l Bx = A1 + A2 − A3 + A4 + A5 ;
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21 r e a l By = A6 + A7 + A8 + A9 − A10 ;
22 r e a l Bz = −A11 + A12 + A13 ;
23 s o l v e Lap3d (u , v , s o l v e r=CG)=int3d (Th) ( Grad3 ( v )∗Grad3 (u) )
24 + int3d (Th) (2∗ (wx∗Bx+wy
∗By+wz∗Bz)∗v )
25 − int2d (Th, 1 ) (−v∗(x ∗ ( (
wz∗x−wx∗z )∗Bz−(wx∗y−
wy∗x )∗By)+y ∗ ( (wx∗y−
wy∗x )∗Bx−(wy∗z−wz∗y )
∗Bz) ) )
26 − int2d (Th, 2 ) ( v∗(x ∗ ( (wz
∗x−wx∗z )∗Bz−(wx∗y−wy
∗x )∗By)+y ∗ ( (wx∗y−wy∗
x )∗Bx−(wy∗z−wz∗y )∗Bz
) ) )
27 − int2d (Th, 3 ) (−v ∗ ( (wx∗y
−wy∗x )∗Bx−(wy∗z−wz∗y
)∗Bz) )
28 − int2d (Th, 4 ) (−v ∗ ( (wz∗x
−wx∗z )∗Bz−(wx∗y−wy∗x
)∗By) )
29 − int2d (Th, 5 ) (−v ∗ ( (wy∗z
−wz∗y )∗By−(wz∗x−wx∗z
)∗Bx) )
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30 − int2d (Th, 6 ) ( v ∗ ( (wy∗z−
wz∗y )∗By−(wz∗x−wx∗z )
∗Bx) ) ;
31 // d e f i n i t i o n o f torques
32 r e a l Tx=int3d (Th) ((−dx (u) + (wz∗x−wx∗z )∗Bz − (wx∗y−wy∗x
)∗By) ∗(x∗Bx+y∗By+z∗Bz)−Bx∗(x∗(−dx (u) + (wz∗x−wx∗z )∗
Bz − (wx∗y−wy∗x )∗By)+y∗(−dy (u) + (wx∗y−wy∗x )∗Bx − (
wy∗z−wz∗y )∗Bz)+z∗(−dz (u) + (wy∗z−wz∗y )∗By−(wz∗x−wx∗z
)∗Bx) ) ) ;
33 cout<<”\n”<<”The torque along x i s equal to omega ∗ f (
omega )∗ Bˆ2 / kappa ∗ ”<<Tx<<”\n”<<endl ;
34 r e a l Ty=int3d (Th) ((−dy (u) + (wx∗y−wy∗x )∗Bx − (wy∗z−wz∗y
)∗Bz) ∗(x∗Bx+y∗By+z∗Bz)−By∗(x∗(−dx (u) + (wz∗x−wx∗z )∗
Bz − (wx∗y−wy∗x )∗By)+y∗(−dy (u) + (wx∗y−wy∗x )∗Bx − (
wy∗z−wz∗y )∗Bz)+z∗(−dz (u) + (wy∗z−wz∗y )∗By−(wz∗x−wx∗z
)∗Bx) ) ) ;
35 cout<<”\n”<<”The torque along y i s equal to omega ∗ f (
omega )∗ Bˆ2 / kappa ∗ ”<<Ty<<”\n”<<endl ;
36 r e a l Tz=int3d (Th) ((−dz (u) + (wy∗z−wz∗y )∗By − (wz∗x−wx∗z
)∗Bx) ∗(x∗Bx+y∗By+z∗Bz)−Bz∗(x∗(−dx (u) + (wz∗x−wx∗z )∗
Bz − (wx∗y−wy∗x )∗By)+y∗(−dy (u) + (wx∗y−wy∗x )∗Bx − (
wy∗z−wz∗y )∗Bz)+z∗(−dz (u) + (wy∗z−wz∗y )∗By−(wz∗x−wx∗z
)∗Bx) ) ) ;
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37 cout<<”\n”<<”The torque along z i s equal to omega ∗ f (
omega )∗ Bˆ2 / kappa ∗ ”<<Tz<<”\n”<<endl ;
38 p lo t (u , wait =1, nbi so =100) ;
123
Appendix B
Matlab
B.1 Attitude Dynamics equation
B.1.1 Single Rotation
1 f unc t i on dy = d i f f e q s s i n g l e r o t a t i o n ( t , y , lambda , p s i )
2 dy=ze ro s (3 , 1 ) ;%i n i t i a l va lue s o f the angular
a c c e l e r a t i o n
3
4 %gene ra l c o e f
5 B = 3∗10ˆ(−5) ; %Magnitude o f the magnetic f i e l d
6 Kappa = 3.21∗10ˆ(−8) ; %r e s i s t i v i t y o f the mate r i a l
7 c o e f = B∗B/Kappa ;%Bˆ2/kappa
8 %Moment o f i n e r t i a a long a l l th ree axes
9 Ixx = 0 . 9 ;
10 Iyy = 0 .450002 ;
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11 I z z = Iyy ;
12
13 %r o t a t i o n around x
14 Ax1= −8.73E−13∗(( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2)∗ c o e f / Ixx ; %
term with s ( l )∗c (p)
15 Ax2= −6.67E−10∗(( cosd ( lambda )∗ cosd ( p s i ) ) ˆ2)∗ c o e f / Ixx ; %
term with c ( l )∗c ( omega∗ t )
16 Ax3= −6.67E−10∗(( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2)∗ c o e f / Ixx ; %
term with s ( l )∗ s (p)∗c ( omega∗ t )
17 Ax4= −6.67E−10∗(( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2)∗ c o e f / Ixx ; %
term with s ( l )∗ s (p)∗ s ( omega∗ t )
18 Ax5= −6.67E−10∗(( cosd ( lambda )∗ s ind ( p s i ) ) ˆ2)∗ c o e f / Ixx ; %
term with c ( l )∗ s ( omega∗ t )
19
20 %r o t a t i o n around y
21 Ay1= −4.35E−13∗(( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2)∗ c o e f / Iyy ; %
term with s ( l )∗ s (p)
22 Ay2= −6.67E−10∗(( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2)∗ c o e f / Iyy ; %
term with s ( l )∗c (p)∗c ( omega∗ t )
23 Ay3= −7.03E−05∗(( cosd ( lambda )∗ cosd ( p s i ) ) ˆ2)∗ c o e f / Iyy ; %
term with c ( l )∗c ( omega∗ t )
24 Ay4= −6.67E−10∗(( cosd ( lambda )∗ s ind ( p s i ) ) ˆ2)∗ c o e f / Iyy ; %
term with c ( l )∗ s ( omega∗ t )
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25 Ay5= −7.03E−05∗(( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2)∗ c o e f / Iyy ; %
term with s ( l )∗c (p)∗ s ( omega∗ t )
26
27 %r o t a t i o n around z
28 Az1= −4.36E−13∗(( cosd ( lambda ) ) ˆ2) ; %term with c ( l )
29 Az2= −7.03E−05∗(( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2)∗ c o e f / I z z ; %
term with s ( l )∗ s (p)∗c ( omega∗ t )
30 Az3= −6.67E−10∗(( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2)∗ c o e f / I z z ; %
term with s ( l )∗c (p)∗c ( omega∗ t )
31 Az4= −7.03E−05∗(( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2)∗ c o e f / I z z ; %
term with s ( l )∗c (p)∗ s ( omega∗ t )
32 Az5= −6.67E−10∗(( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2)∗ c o e f / I z z ; %
term with s ( l )∗ s (p)∗ s ( omega∗ t )
33
34
35 %equat ions
36 dy (1)=Ax1∗y (1 ) +(Ax2+Ax3)∗y (1 ) ∗( cos ( y (1 ) ∗ t ) ) ˆ2+(Ax4+Ax5)
∗y (1 ) ∗( s i n ( y (1 ) ∗ t ) ) ˆ2 ;%equat ion 1 o f the system
37 dy (2)=Ay1∗y (2 ) +(Ay2+Ay3)∗y (2 ) ∗( cos ( y (2 ) ∗ t ) ) ˆ2+(Ay4+Ay5)
∗y (2 ) ∗( s i n ( y (2 ) ∗ t ) ) ˆ2 ;%equat ion 2 o f the system
38 dy (3)=Az1∗y (3 ) +(Az2+Az3)∗y (3 ) ∗( cos ( y (3 ) ∗ t ) ) ˆ2+(Az4+Az5)
∗y (3 ) ∗( s i n ( y (3 ) ∗ t ) ) ˆ2 ;%equat ion 3 o f the system
39 end
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B.1.2 Generalized Rotation
1 f unc t i on dy = d i f f e q s g l o b a l ( t , y , lambda , p s i )
2
3 dy=ze ro s (3 , 1 ) ;%i n i t i a l va lue s o f the angular
a c c e l e r a t i o n
4
5 %gene ra l c o e f
6 B = 3∗10ˆ(−5) ; %Magnitude o f the magnetic f i e l d
7 Kappa = 3.21∗10ˆ(−8) ; %R e s i s t i v i t y o f the mate r i a l
8 c o e f = B∗B/Kappa ;%Bˆ2/kappa
9
10 %C o e f f i c i e n t
11 A1 = c o e f ∗ ( ( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2) ;
12 A2 = c o e f ∗ ( ( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2) ;
13 A3 = c o e f ∗ ( ( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2) ;
14 A4 = c o e f ∗ ( ( cosd ( lambda ) ) ˆ2) ;
15 A5 = c o e f ∗ ( ( cosd ( lambda ) ) ˆ2) ;
16 A6 = c o e f ∗ ( ( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2) ;
17 A7 = c o e f ∗ ( ( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2) ;
18 A8 = c o e f ∗ ( ( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2) ;
19 A9 = c o e f ∗ ( ( cosd ( lambda ) ) ˆ2) ;
20 A10 = c o e f ∗ ( ( cosd ( lambda ) ) ˆ2) ;
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21 A11 = c o e f ∗ ( ( s ind ( lambda )∗ cosd ( p s i ) ) ˆ2) ;
22 A12 = c o e f ∗ ( ( s ind ( lambda )∗ s ind ( p s i ) ) ˆ2) ;
23 A13 = c o e f ∗ ( ( cosd ( lambda ) ) ˆ2) ;
24
25 %Number f o r Tx depending on wx
26 Axx1= −1.27E−04 ∗A1 ;
27 Axx2= −1.27E−04 ∗A2 ;
28 Axx3= −1.27E−04 ∗A3 ;
29 Axx4= −1.27E−04 ∗A4 ;
30 Axx5= −1.27E−04 ∗A5 ;
31 Axx6= −2.73E−05∗A6 ;
32 Axx7= −2.73E−05 ∗A7 ;
33 Axx8= −2.73E−05 ∗A8 ;
34 Axx9= −2.73E−05 ∗A9 ;
35 Axx10= −2.73E−05 ∗A10 ;
36 Axx11= −6.11E−05 ∗A11 ;
37 Axx12= −6.11E−05 ∗A12 ;
38 Axx13= −6.11E−05 ∗A13 ;
39 %Number f o r Tx depending on wy
40 Axy1= 5.45E−05 ∗A1 ;
41 Axy2= 5.45E−05 ∗A2 ;
42 Axy3= −5.45E−05 ∗A3 ;
43 Axy4= 5.45E−05 ∗A4/ ;
44 Axy5= 5.45E−05 ∗A5 ;
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45 Axy6= 3.66E−05 ∗A6 ;
46 Axy7= 3.66E−05 ∗A7 ;
47 Axy8= 3.66E−05 ∗A8 ;
48 Axy9= −3.66E−05 ∗A9 ;
49 Axy10= 3.66E−05 ∗A10 ;
50 Axy11= 7.49E−06 ∗A11 ;
51 Axy12= 17.49E−06 ∗A12 ;
52 Axy13= 7.49E−06 ∗A13 ;
53 %Number f o r Tx depending on wz
54 Axz1= −3.66E−12 ∗A1 ;
55 Axz2= −3.66E−12 ∗A2 ;
56 Axz3= −3.66E−12 ∗A3 ;
57 Axz4= −3.66E−12 ∗A4 ;
58 Axz5= −3.66E−12 ∗A5 ;
59 Axz6= −3.36E−11 ∗A6 ;
60 Axz7= −3.36E−11 ∗A7 ;
61 Axz8= −3.36E−11 ∗A8 ;
62 Axz9= −3.36E−11 ∗A9 ;
63 Axz10= −3.36E−11 ∗A10 ;
64 Axz11= 3.49E−07 ∗A11 ;
65 Axz12= 3.49E−07 ∗A12 ;
66 Axz13= 3.49E−07 ∗A13 ;
67
68 %Number f o r Ty depending on wx
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69 Ayx1= 6.58E−05 ∗A1 ;
70 Ayx2= 6.58E−05 ∗A2 ;
71 Ayx3= 6.58E−05 ∗A3 ;
72 Ayx4= 6.58E−05 ∗A4 ;
73 Ayx5= 6.58E−05 ∗A5 ;
74 Ayx6= 3.94E−05 ∗A6 ;
75 Ayx7= 3.94E−05 ∗A7 ;
76 Ayx8= 3.94E−05 ∗A8 ;
77 Ayx9= 3.94E−05 ∗A9 ;
78 Ayx10= 3.94E−05 ∗A10 ;
79 Ayx11= 7.49E−06 ∗A11 ;
80 Ayx12= 7.49E−06 ∗A12 ;
81 Ayx13= 7.49E−06 ∗A13 / ;
82 %Number f o r Ty depending on wy
83 Ayy1= −4.60E−05 ∗A1 ;
84 Ayy2= −4.60E−05 ∗A2 ;
85 Ayy3= −4.60E−05 ∗A3 ;
86 Ayy4= −4.60E−05 ∗A4 ;
87 Ayy5= −4.60E−05∗A5 ;
88 Ayy6= −1.03E−04 ∗A6 ;
89 Ayy7= −1.03E−04 ∗A7 ;
90 Ayy8= −1.03E−04∗A8 ;
91 Ayy9= −1.03E−04 ∗A9 ;
92 Ayy10= −1.03E−04 ∗A10 ;
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93 Ayy11= −6.11E−05 ∗A11 ;
94 Ayy12= −6.11E−05 ∗A12 ;
95 Ayy13= −6.11E−05 ∗A13 ;
96 %Number f o r Ty depending on wz
97 Ayz1= 3.99E−12 ∗A1 ;
98 Ayz2= 3.99E−12 ∗A2 ;
99 Ayz3= 3.99E−12 ∗A3 ;
100 Ayz4= 3.99E−12 ∗A4 ;
101 Ayz5= 3.99E−12 ∗A5 ;
102 Ayz6= −1.58E−11 ∗A6 ;
103 Ayz7= −1.58E−11 ∗A7 ;
104 Ayz8= −1.58E−11 ∗A8 ;
105 Ayz9= −1.58E−11 ∗A9 ;
106 Ayz10= −1.58E−11 ∗A10 ;
107 Ayz11= 6.21E−09 ∗A11 ;
108 Ayz12= 6.21E−09 ∗A12 ;
109 Ayz13= 6.21E−09 ∗A13 ;
110
111 %Number f o r Tz depending on wx
112 Azx1= 9.07E−07 ∗A1 ;
113 Azx2= 9.07E−07 ∗A2 ;
114 Azx3= 9.07E−07 ∗A3 ;
115 Azx4= 9.07E−07 ∗A4 ;
116 Azx5= 9.07E−07 ∗A5 ;
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117 Azx6= −5.21E−07 ∗A6 ;
118 Azx7= −5.21E−07 ∗A7 ;
119 Azx8= −5.21E−07∗A8 ;
120 Azx9= −5.21E−07 ∗A9 ;
121 Azx10= −5.21E−07 ∗A10 ;
122 Azx11= 2.27E−12 ∗A11 ;
123 Azx12= 2.27E−12 ∗A12 ;
124 Azx13= 2.27E−12 ∗A13 ;
125 %Number f o r Tz depending on wy
126 Azy1= −5.85E−07 ∗A1 ;
127 Azy2= −5.85E−07 ∗A2 ;
128 Azy3= −5.85E−07 ∗A3 ;
129 Azy4= −5.85E−07 ∗A4 ;
130 Azy5= −5.85E−07 ∗A5 ;
131 Azy6= 8.19E−07 ∗A6 ;
132 Azy7= 8.19E−07 ∗A7 ;
133 Azy8= 8.19E−07 ∗A8 ;
134 Azy9= 8.19E−07 ∗A9 ;
135 Azy10= −1.40E−12 ∗A10 ;
136 Azy11= −1.40E−12 ∗A11 ;
137 Azy12= −1.40E−12 ∗A12 ;
138 Azy13= −1.26E−12 ∗A13 ;
139 %Number f o r Tz depending on wz
140 Azz1= −3.31E−05 ∗A1 ;
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141 Azz2= −3.31E−05 ∗A2 ;
142 Azz3= −3.31E−05 ∗A3 ;
143 Azz4= −3.31E−05 ∗A4 ;
144 Azz5= −3.31E−05 ∗A5 ;
145 Azz6= −3.31E−05 ∗A6 ;
146 Azz7= −3.31E−05 ∗A7 ;
147 Azz8= −3.31E−05 ∗A8 ;
148 Azz9= −3.31E−05 ∗A9 ;
149 Azz10= −3.31E−05 ∗A10 ;
150 Azz11= −2.94E−04 ∗A11 ;
151 Azz12= −2.94E−04 ∗A12 ;
152 Azz13= −2.94E−04 ∗A13 ;
153
154 %i n e r t i a matrix
155 I= [ 0 . 6 5 4 0 .189 0 ; 0 .189 0 .654 0 ; 0 0 0 . 4 1 1 ] ;
156
157 %d e f i n e torque
158 T1 = y (1) ∗(Axx1∗( cos ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axx2∗( s i n
( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axx3∗( cos ( y (1 )
∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axx4∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗
cos ( y (3 ) ∗ t ) ) ˆ2 + Axx5∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 +
Axx6∗( cos ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axx7∗( s i n ( y (1 ) ∗ t )
∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axx8∗( cos ( y (1 ) ∗ t )∗ cos (
y (3 ) ∗ t ) ) ˆ2 + Axx9∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗
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t ) ) ˆ2 + Axx10∗( s i n ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axx11∗(
s i n ( y (2 ) ∗ t ) ) ˆ2 + Axx12∗( s i n ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 +
Axx13∗( cos ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2) + y (2) ∗(Axy1∗(
cos ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axy2∗( s i n ( y (1 ) ∗ t )∗ s i n ( y
(2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axy3∗( cos ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t
) ) ˆ2 + Axy4∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2
+ Axy5∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axy6∗( cos ( y (2 ) ∗
t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axy7∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗
s i n ( y (3 ) ∗ t ) ) ˆ2 + Axy8∗( cos ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 +
Axy9∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axy10
∗( s i n ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axy11∗( s i n ( y (2 ) ∗ t ) ) ˆ2
+ Axy12∗( s i n ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 + Axy13∗( cos ( y
(1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2) + y (3) ∗(Axz1∗( cos ( y (2 ) ∗ t )∗ cos
( y (3 ) ∗ t ) ) ˆ2 + Axz2∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 )
∗ t ) ) ˆ2 + Axz3∗( cos ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axz4∗(
cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axz5∗( s i n ( y
(1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axz6∗( cos ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t
) ) ˆ2 + Axz7∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2
+ Axz8∗( cos ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Axz9∗( cos ( y (1 ) ∗
t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Axz10∗( s i n ( y (1 ) ∗ t )∗
cos ( y (3 ) ∗ t ) ) ˆ2 + Axz11∗( s i n ( y (2 ) ∗ t ) ) ˆ2 + Axz12∗( s i n (
y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 + Axz13∗( cos ( y (1 ) ∗ t )∗ cos ( y (2 )
∗ t ) ) ˆ2) ;
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160 T2 = y (1) ∗(Ayx1∗( cos ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayx2∗( s i n
( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayx3∗( cos ( y (1 )
∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayx4∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗
cos ( y (3 ) ∗ t ) ) ˆ2 + Ayx5∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 +
Ayx6∗( cos ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayx7∗( s i n ( y (1 ) ∗ t )
∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayx8∗( cos ( y (1 ) ∗ t )∗ cos (
y (3 ) ∗ t ) ) ˆ2 + Ayx9∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗
t ) ) ˆ2 + Ayx10∗( s i n ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayx11∗(
s i n ( y (2 ) ∗ t ) ) ˆ2 + Ayx12∗( s i n ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 +
Ayx13∗( cos ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2) + y (2) ∗(Ayy1∗(
cos ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayy2∗( s i n ( y (1 ) ∗ t )∗ s i n ( y
(2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayy3∗( cos ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t
) ) ˆ2 + Ayy4∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2
+ Ayy5∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayy6∗( cos ( y (2 ) ∗
t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayy7∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗
s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayy8∗( cos ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 +
Ayy9∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayy10
∗( s i n ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayy11∗( s i n ( y (2 ) ∗ t ) ) ˆ2
+ Ayy12∗( s i n ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 + Ayy13∗( cos ( y
(1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2) + y (3) ∗(Ayz1∗( cos ( y (2 ) ∗ t )∗ cos
( y (3 ) ∗ t ) ) ˆ2 + Ayz2∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 )
∗ t ) ) ˆ2 + Ayz3∗( cos ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayz4∗(
cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayz5∗( s i n ( y
(1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayz6∗( cos ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t
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) ) ˆ2 + Ayz7∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2
+ Ayz8∗( cos ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Ayz9∗( cos ( y (1 ) ∗
t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Ayz10∗( s i n ( y (1 ) ∗ t )∗
cos ( y (3 ) ∗ t ) ) ˆ2 + Ayz11∗( s i n ( y (2 ) ∗ t ) ) ˆ2 + Ayz12∗( s i n (
y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 + Ayz13∗( cos ( y (1 ) ∗ t )∗ cos ( y (2 )
∗ t ) ) ˆ2) ;
161
162 T3 = y (1) ∗(Azx1∗( cos ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azx2∗( s i n
( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azx3∗( cos ( y (1 )
∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azx4∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗
cos ( y (3 ) ∗ t ) ) ˆ2 + Azx5∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 +
Azx6∗( cos ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azx7∗( s i n ( y (1 ) ∗ t )
∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azx8∗( cos ( y (1 ) ∗ t )∗ cos (
y (3 ) ∗ t ) ) ˆ2 + Azx9∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗
t ) ) ˆ2 + Azx10∗( s i n ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azx11∗(
s i n ( y (2 ) ∗ t ) ) ˆ2 + Azx12∗( s i n ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 +
Azx13∗( cos ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2) + y (2) ∗(Azy1∗(
cos ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azy2∗( s i n ( y (1 ) ∗ t )∗ s i n ( y
(2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azy3∗( cos ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t
) ) ˆ2 + Azy4∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2
+ Azy5∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azy6∗( cos ( y (2 ) ∗
t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azy7∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗
s i n ( y (3 ) ∗ t ) ) ˆ2 + Azy8∗( cos ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 +
Azy9∗( cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azy10
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∗( s i n ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azy11∗( s i n ( y (2 ) ∗ t ) ) ˆ2
+ Azy12∗( s i n ( y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 + Azy13∗( cos ( y
(1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2) + y (3) ∗( Azz1∗( cos ( y (2 ) ∗ t )∗ cos
( y (3 ) ∗ t ) ) ˆ2 + Azz2∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 )
∗ t ) ) ˆ2 + Azz3∗( cos ( y (1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azz4∗(
cos ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azz5∗( s i n ( y
(1 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azz6∗( cos ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t
) ) ˆ2 + Azz7∗( s i n ( y (1 ) ∗ t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2
+ Azz8∗( cos ( y (1 ) ∗ t )∗ cos ( y (3 ) ∗ t ) ) ˆ2 + Azz9∗( cos ( y (1 ) ∗
t )∗ s i n ( y (2 ) ∗ t )∗ s i n ( y (3 ) ∗ t ) ) ˆ2 + Azz10 ∗( s i n ( y (1 ) ∗ t )∗
cos ( y (3 ) ∗ t ) ) ˆ2 + Azz11 ∗( s i n ( y (2 ) ∗ t ) ) ˆ2 + Azz12 ∗( s i n (
y (1 ) ∗ t )∗ cos ( y (2 ) ∗ t ) ) ˆ2 + Azz13 ∗( cos ( y (1 ) ∗ t )∗ cos ( y (2 )
∗ t ) ) ˆ2) ;
163
164 Torque vector = [ T1 ; T2 ; T3 ] ;
165
166 product = I \Torque vector ;
167
168 dy (1) = product (1 ) ;
169 dy (2) = product (2 ) ;
170 dy (3) = product (3 ) ;
171 end
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B.2 Calculate the Angular Rate
1 %ode opts = odeset ( ’ RelTol ’ , 1e−3, ’ AbsTol ’ , 1e−3 ) ; %
r e a l l y coa r s e t o l s .
2
3 t v e c = [ 0 : 500 : 5000000 ] ; %range o f the time [
tbeg inn ing tend ]
4
5 omega zero = [ 5 0 , 50 , 5 0 ] ;
6
7 lambda = 45 ;
8 p s i = 45 ;
9
10 [ tp , yp ] = ode45 ( @( t , y ) d i f f e q s g l o b a l ( t , y , lambda , p s i
) , t vec , omega zero ) ; %tak ing in to account
everyth ing
11 %[ tp , yp ] = ode45 ( @( t , y ) g l o b a l r o t a t i o n ( t , y ) , t vec ,
omega zero ) ; %n e g l e c t i n g smal l va lue s
12
13 %%obta in the anuglar ra t e and p lo t
14 dp = tp /3600/24;
15 p lo t (dp , yp ( : , 1 ) ,dp , yp ( : , 2 ) ,dp , yp ( : , 3 ) , ’ LineWidth ’ , 2) ;
16 t i t l e ( [ ’ Angular ra t e ( rad/ s ) vs time ( days ) ’ ] )
17 l egend ( ’W x ’ , ’W y ’ , ’W z ’ )
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18 y l a b e l ( ’ Angular r a t e ( rad/ s ) ’ )
19 x l a b e l ( ’Time ( days ) ’ )
20 g r id on
21
22 %Def ine the Damping Time Constant
23 omega steady = ze ro s (3 , 1 ) ;
24 omega steady (1 ) = omega zero (1 )−(1−1/exp (1 ) )∗omega zero
(1 ) ;
25 omega steady (2 ) = omega zero (2 )−(1−1/exp (1 ) )∗omega zero
(2 ) ;
26 omega steady (3 ) = omega zero (3 )−(1−1/exp (1 ) )∗omega zero
(3 ) ;
27 x = yp ( : , 1 ) ;
28 y = yp ( : , 2 ) ;
29 z = yp ( : , 3 ) ;
30 t s x = f i n d (x<omega steady (1 ) ) ;
31 t s y = f i n d (y<omega steady (2 ) ) ;
32 t s z = f i n d ( z<omega steady (3 ) ) ;
33 damping x = t s x (1 ) /3600/24∗500;
34 damping y = t s y (1 ) /3600/24∗500;
35 damping z = t s z (1 ) /3600/24∗500;
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